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The implications of N = 1 superconformal symmetry for four dimensional quantum
field theories are studied. Superconformal covariant expressions for two and three
point functions of quasi-primary superfields of arbitrary spin are found and con-
nected with the operator product expansion. The general formulae are specialised
to cases involving a scalar superfield L, which contains global symmetry currents,
and the supercurrent, which contains the energy momentum tensor, and the conse-
quences of superconformal Ward identities are analysed. The three point function
of L is shown to have unique completely antisymmetric or symmetric forms. In the
latter case the superspace version of the axial anomaly equation is obtained. The
three point function for the supercurrent is shown to have two linearly independent
forms. A linear combination of the associated coefficients for the general expression
is shown to be related to the scale of the supercurrent two point function through
Ward identities. The coefficients are given for the two free field superconformal
theories and are also connected with the parameters present in the supercurrent
anomaly for supergravity backgrounds. Superconformal invariants, which are pos-
sible even in three point functions, are discussed.
email: ho@damtp.cam.ac.uk
1. Introduction
The very first paper [1] in the western literature on supersymmetry in four space-
time dimensions in fact introduced the N = 1 superconformal group. Nevertheless, given
the inevitable breakdown of conformal invariance in perturbative treatments of non triv-
ial quantum field theories, most subsequent discussions of supersymmetric theories were
concerned with theories invariant under just the restricted supersymmetry group which is
the minimal extension of the Poincare´ group, whose elements are standard Lorentz and
translation transformations, and for which there are no perturbative quantum anomalies.
However in the last few years the work of Seiberg [2] and others have shown that there
should exist a host of non trivial superconformal field theories which in many cases can
be identified with renormalisation group fixed points where the β-function vanishes. Just
as two-dimensional conformal field theories have a very rich mathematical structure, with
applications in string theories and statistical physics, it is now possible to hope for similar
elegant exact results in the as yet relatively unexplored case of four dimension field theories.
Virtually all the new results depend essentially on constraints imposed by supersymmetry
and in consequence superconformal field theories are the most promising immediate can-
didates for potential extension of some of the two-dimensional results for conformal field
theories to higher dimensions.
Although N = 2 and 4 superconformal theories in four space-time dimensions have
considerable interest, and also remarkably there may also be possible superconformal field
theories in five and six dimensions, we here consider just the N = 1 case in four dimensions
using standard superspace formalism. Some relevant results were obtained long ago [3,4]
and recently there has been extensive work by Howe and West [5], on which we attempt
to build (although much of their discussion was concerned with N > 1). Furthermore
Anselmi and co-workers [6] have undertaken specific calculations in N = 1 supersymmet-
ric Yang Mills theory, exploring analogues in four-dimensional superconformal theories
of the two-dimensional Virasoro central charge c. Here we extend previous results [7,8]
which give explicit forms for two and three point functions in conformal field theories for
operators of arbitrary spin to the N = 1 superconformal case. The resulting expressions
determine the forms of the operator product expansions for quasi-primary operators and
although essentially kinematic are, in our view, a necessary precursor to dynamical in-
vestigations. We also analyse the supercurrent [9], which contains the energy momentum
tensor amongst its component fields, and its Ward identities which reflect superconformal
invariance. One of the main concerns of this paper is to analyse in detail the two and
three point functions of the supercurrent and their relation through Ward identities and
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also their connection to anomalies present on curved supergravity backgrounds. We also
discuss possible superconformal invariants which can appear in the general expression for
four-point functions. A similar analysis was described in [10] but the present discussion is
perhaps more complete and differs in some details.
In the next section we establish notation and review N = 1 superconformal transfor-
mations on superspace in four space-time dimensions. We discuss primarily infinitesimal
superconformal transformations which are super-diffeomorphisms restricted by a natural
condition playing a similar role to the conformal Killing equation for ordinary confor-
mal transformations. We identify the associated Lie algebra with that for the supergroup
Sl(4|1) with suitable reality conditions. From the discussion of the action of superconfor-
mal transformations on superspace we construct variables which transform homogeneously
and may be used in a simple construction of two and three point functions. Unlike the non
supersymmetric case there is even a superconformal invariant for three points. In section
3 we describe how quasi-primary superfields may be defined in general by a simple trans-
formation rule, depending on the scale dimension and U(1) R-symmetry charge, as well
as its particular spin representation. We further show how derivatives of quasi-primary
superfields in particular special cases are also quasi-primary. Such results demonstrate the
consistency of conservation conditions on the supercurrent with superconformal invariance
and are important in the subsequent analysis. A corollary of these results is that the
Bianchi identity for a N = 1 supersymmetric gauge theory is consistent with superconfor-
mal invariance only if the scale dimension and R-charge are those of the free abelian theory.
We also describe, in terms of the results of section 2, general superconformal covariant con-
structions for two and three point functions of quasi-primary superfields. The result for
the three point function depends on a homogeneous function on superspace coordinates
which can be directly related to the leading coefficient of the term in the operator product
expansion associated with the operators appearing in the three point function. In section
4 we introduce the supercurrent by a variant of Noether’s construction which is used to
find the corresponding Ward identities. In section 5 we consider first the application of
the general formalism to the simple cases involving chiral scalar superfields. After showing
how conditions flowing from the conservation equations may be imposed on the general
form for the superfield three point function in section 6 we consider the three point func-
tion for superfields containing an internal symmetry current. We discuss the associated
Ward identities and also the anomalies which are supersymmetric extension of the usual
axial current anomaly. In section 7 we consider the supercurrent and obtain results for the
three point functions involving two supercurrents and a scalar superfield and also three
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supercurrents. For the latter case we show that there are two possible linearly independent
forms although one linear combination is shown to be related to the coefficient of the two
point function through a Ward Identity. In section 8 general results are then restricted
to the case of free fields which give two different trivial superconformal theories in four
dimensions. In section 9 we show how superconformal invariance allows for the evaluation
of integrals, generalising old results in the non supersymmetric case, and in section 10 we
discuss possible superconformal invariants that may be present in higher point correlation
functions which include generalisations of the usual invariant cross ratios as well as the
Grassmann valued invariants present for just three points. Finally in a conclusion we relate
the coefficients which are present in the general supercurrent three point function to the
coefficients c, a appearing in the supergravity extension of the energy momentum tensor
trace for a curved space background. Both c, a are possible generalisations of the Virasoro
central charge to four dimensional superconformal theories. An appendix contains some
details concerning the transformation properties of the supercurrent in free theories.
2. Superconformal Transformations
The conformal group is defined by the intersection of the group of diffeomorphisms
with local rescalings of the metric. The superconformal group can be obtained in a variety
of equivalent ways but here we consider it as a reduction of those super-diffeomorphisms
which leave the chiral subspaces of superspace invariant. With standard superspace coor-
dinates zA = (xa, θα, ˜¯θα˙) ∈ R4|4 the chiral restrictions are given by
z
A+
+ = (x
a
+, θ
α) , z
A−
− = (x
a
−,
˜¯θα˙) , x
a
± = x
a ± iθσaθ¯ , (2.1)
so that D¯α˙z+ = 0, Dαz− = 0.
1 For a general diffeomorphism preserving the chiral
decomposition of superspace we may write
δxa+ = v
a(z+) , δθ
α = λα(z+) , δx
a
− = v¯
a(z−) , δθ¯
α˙ = λ¯α˙(z−) . (2.2)
1 We use the notation of Wess and Bagger [11], with minor emendations, thus θα, θ¯α˙ are
regarded as row, column vectors and we let θ˜α = ǫαβθ
β , ˜¯θα˙ = ǫα˙β˙ θ¯
β˙ form associated column, row
vectors, θ2 = θθ˜, θ¯2 = ˜¯θθ¯, as usual 4-vectors are identified with 2×2-matrices using the hermitian
σ-matrices σa, σ˜a, σ(aσ˜b) = −ηab1, x
a → xαα˙ = x
a(σa)αα˙, x˜
α˙α = xa(σ˜a)
α˙α = ǫαβǫα˙β˙xββ˙, with
inverse xa = − 1
2
tr(σax˜). Hence (2.1) gives x˜± = x˜± 2iθ¯θ, x± = x∓ 2iθ˜˜¯θ. The associated spinor
derivatives satisfy {Dα, D¯α˙} = −2i(σ
a∂a)αα˙.
3
The corresponding differential generators acting in chiral superfields are
L+ = h
a∂a + λ
αDα , L− = h¯
a∂a +
˜¯λα˙
˜¯Dα˙ , (2.3)
where
ha(z) = va(z+)− 2iλ(z+)σ
aθ¯ , h¯a(z) = v¯a(z−) + 2iθσ
aλ¯(z−) . (2.4)
Alternatively we may define L± by the requirements [D¯α˙,L+] = 0, [Dα,L−] = 0 which,
assuming just the form (2.3), leads to
D¯α˙h
b = −2i (λσb)α˙ , D¯α˙λ
β = 0 , Dαh¯
b = 2i (σbλ¯)α , Dαλ¯
β˙ = 0 , (2.5)
which are easily seen to be solved by (2.4). λ, λ¯ are thus determined in terms of h, h¯ with
the remaining constraints on h, h¯ which follow from (2.5) may be written as
˜¯D(α˙h˜β˙)β = 0 , D(αh¯β)β˙ = 0 . (2.6)
We here define infinitesimal superconformal transformations as those diffeomorphisms
of the form (2.2) where with (2.4) we have2
ha = h¯a , (2.7)
With this restriction it is easy to see from (2.5) that
∂ahb + ∂bha = 2ρ ηab , ρ =
1
2 (Dαλ
α + ˜¯Dα˙ ˜¯λα˙) , (2.8)
which is just the standard conformal Killing equation. The solution of (2.8) is well known
and for dimensions d > 2 gives the standard result for an infinitesimal conformal transfor-
mation in terms of a translation aa, rotation ωab = −ωba, special conformal transformation
ba and scale parameter λ. In the present case the solution becomes [13], with λ = κ+ κ¯,
va(y, θ) = aa + ωaby
b + (κ+ κ¯)ya + bay2 − 2yay·b+ 2i θσaǫ¯− 2 θσay˜η ,
λα(y, θ) = ǫα − θβωβ
α + κ θα + (θby˜)α − i(η¯ y˜)α + 2η˜αθ2 , ωβ
α = −14ω
ab(σaσ˜b)β
α ,
v¯a(y, θ¯) = aa + ωaby
b + (κ+ κ¯)ya + bay2 − 2yay·b− 2i ǫ¯σaθ¯ − 2 η¯ y˜σaθ¯ ,
λ¯α˙(y, θ¯) = ǫ¯α˙ + ω¯α˙β˙ θ¯
β˙ + κ¯ θ¯α˙ + (y˜bθ¯)α˙ + i(y˜η)α˙ + 2˜¯ηα˙θ¯2 , ω¯α˙β˙ = −
1
4ω
ab(σ˜aσb)
α˙
β˙ ,
(2.9)
2 Alternatively (2.6) with h = h¯ can be regarded as the superconformal Killing equations,
they were obtained previously by Conlong and West [12].
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Superconformal transformations are parameterised additionally by the supertranslations
ǫα, ǫ¯α˙ and an extra Grassmann spinor ηα, η¯α˙ (in our notational conventions η˜
α =
ǫαβηβ , ˜¯η
α˙ = ǫα˙β˙ η¯β˙), as well as, if κ =
1
2 (λ + iα), κ¯ =
1
2 (λ − iα) the angle α which
corresponds to the U(1) R-symmetry acting on θ, θ¯.
The action of infinitesimal superconformal transformations on fields defined on super-
space is then generated by
L = ha∂a + λ
αDα +
˜¯λα˙
˜¯Dα˙ . (2.10)
From (2.5) it is easy to see that
[Dα,L] = (Dαλ
β)Dβ , [
˜¯Dα˙,L] = ( ˜¯Dα˙ ˜¯λβ˙)
˜¯Dβ˙ . (2.11)
Writing the superspace exterior derivative d = dzA∂A = e
ADA, which requires
ea = dxa + iθσadθ¯ − idθσaθ¯ , (2.12)
then if [L, DA] = −RABDB the associated variation of one-forms is given by δeA = eBRBA.
The results in (2.11) imply that for superconformal transformations Ra
β = Ra
β˙ = 0 and
that in this case the variation of ea is homogeneous
δea = eb∂bh
a , (2.13)
since Ra
b = ∂ah
b. Using (2.8) for e2 = eaea therefore,
δe2 = 2ρ e2 . (2.14)
The invariance of the square of the superspace interval, e2 with ea given by (2.12), up to a
local rescaling can be regarded as an alternative basic characterisation of superconformal
transformations.
Besides transformations connected to the identity it is natural to extend the super-
conformal group by inversions z −→ z′ where [13],
x˜′− = −x+
−1 , θ¯′ = −ix+
−1θ˜ , θ′ = i˜¯θ x−
−1 , ⇒ x˜′+ = −x−
−1 , (2.15)
with x±
−1 = −x˜±/x±
2. From (2.12) it is straightforward to find, as in (2.14), that e2 is
invariant up to a rescaling,
e˜′ = x+
−1e x−
−1 , e′2 =
e2
x+2x−2
. (2.16)
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It is easy to verify from (2.15) that inversions are idempotent, (z′)′ = z.
The Lie algebra of the differential generators L, given by (2.10), is easily calculated
L′ = [L2,L1] , (2.17)
so that, for instance,
h′a = [h2, h1]
a + 2i(λ2σ
aλ¯1 − λ1σ
aλ¯2) . (2.18)
It is straightforward to check that h′ = h¯′, λ′, λ¯′ satisfy (2.5). The superconformal algebra
may be identified with that of supermatrices, in terms of the parameters in (2.9),
M =

ω −
1
3
(κ+ 2κ¯)1 −ib 2η
−ia˜ ω¯ + 13 (2κ+ κ¯)1 2ǫ¯
2ǫ 2η¯ 2
3
(κ− κ¯)

 , (2.19)
since (2.17) corresponds exactly to
M ′ = [M1,M2] . (2.20)
It is easy to see that strM = 0 so that M belongs to Lie algebra sl(4|1) which is restricted
to su(2, 2|1) by the reality condition,
M = −BM †B , B =

 0 1 01 0 0
0 0 −1

 . (2.21)
The non-linear realisation of the superconformal group on superspace may be re-
covered by regarding z = (x, θ, ˜¯θ) as coordinates on the coset SU(2, 2|1)/G0, where
G0 ∈ SU(2, 2|1) is the stability group of the point z = 0 under superconformal trans-
formations, generated by matrices M0 of the same form as in (2.19) with a = ǫ = ǫ¯ = 0.
3
To describe the coset explicitly it is convenient to define
V(z) =

 1 0−ix˜+ 2θ¯
2θ 1

 , V¯(z) = V(z)†B =
(
ix˜− 1 −2θ¯
2θ 0 −1
)
, (2.22)
which are constrained by V¯(z)V(z) =
(
0 0
0 −1
)
. For M given by (2.19) the associated
δx±, δθ, δθ¯ as given by (2.2) are then obtained by
MV(z) = V(δz) + V(z)H(z) , V(δz) = LV(z) ,
−V¯(z)M = V¯(δz) + H¯(z)V¯(z) , V¯(δz) = LV¯(z) ,
(2.23)
3 For a general review of such constructions see [14].
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if H, H¯ are matrices of the form
H =
(
ωˆ − σ 1 τ
0 2(σ¯ − σ)
)
, H¯ =
(
− ˆ¯ω − σ¯ 1 0
τ¯ −2(σ¯ − σ)
)
, (2.24)
which are determined by requiring the structure of V, V¯ in (2.22) to be preserved. The
elements of H, H¯ are given by
Dαλ
β = − ωˆα
β + δα
β(2σ¯ − σ) , ˜¯Dα˙ ˜¯λβ˙ = − ˆ¯ω
α˙
β˙ + δ
α˙
β˙(2σ − σ¯) , ωˆα
α = ˆ¯ωα˙α˙ = 0 ,
Dασ = −
1
3
Dβωˆα
β = τα , D¯α˙σ¯ =
1
3
D¯β˙ ˆ¯ω
β˙
α˙ = τ¯α˙ , (2.25)
or explicitly, independent of a, ǫ, ǫ¯,
ωˆα
β(z+) = ωα
β + 1
2
(x+b˜− b x˜+)α
β + 4 ηαθ
β + 2δα
β θη ,
σ(z+) =
1
3 (κ+ 2κ¯) + 2 θη − b·x+ , τ¯α˙(z+) = 2(η¯ + iθb)α˙ ,
ˆ¯ωα˙β˙(z−) = ω¯
α˙
β˙ +
1
2 (x˜−b− b˜ x−)
α˙
β˙ − 4 θ¯
α˙η¯β˙ − 2δ
α˙
β˙ η¯θ¯ ,
σ¯(z−) =
1
3
(2κ+ κ¯) + 2 η¯θ¯ − b·x− , τα(z−) = 2(η − ibθ¯)α .
(2.26)
It is easy to check that M0V(0) = V(0)H(0), H¯(0)V¯(0) = −V¯(0)M0. For general z the im-
portant result that ωˆ, σ depend only on z+ follows directly from (2.5) by using D¯α˙Dαλ
β =
δα
βD¯α˙D¯β˙ λ¯
β˙ which from (2.25) gives D¯α˙ωˆα
β = D¯α˙σ = 0, and similarly for the dependence
of ˆ¯ω, σ¯ on z−. We may also note that strH(z) = −2σ¯(z−), str H¯(z) = −2σ(z+). From
(2.8) we find
ρ = σ + σ¯ , (2.27)
and using (2.5)
ωˆ = 1
4
∂[ahb]σaσ˜b , ˆ¯ω =
1
4
∂[ahb]σ˜aσb . (2.28)
By using (2.17) and (2.20) in (2.23) we may find
L2H1 − L1H2 + [H1, H2] = H
′ ,
L2H¯1 − L1H¯2 − [H¯1, H¯2] = H¯
′ .
(2.29)
It is straightforward to rewrite (2.23) for the non infinitesimal case. The element of the
superconformal group formed by exponentiatingM corresponds to a finite superconformal
transformation z −→ z′ given by
eMV(z) = V(z′)G(z) V¯(z)e−M = G¯(z)V¯(z′) , (2.30)
where G(z), G¯(z) are matrices of the same form as H, H¯ in (2.24), with the group property
that if z
eM1
−→ z′
eM2
−→ z′′ and eM2eM1 = eM , so that z
eM
−→ z′′, then G2(z′)G1(z) = G(z)
while G¯1(z)G¯2(z′) = G¯(z). The action of finite conformal transformations on coordinates
xa ∈ R4 is globally well defined on a compactification of Minkowski space, R4 → S3 × S1,
or some multiple covering4 and similar considerations apply in the superconformal case
4 For a discussion of some global issues see [15].
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when the transformations act on SU(2, 2|1)/G0. However such issues are not relevant for
the considerations of this paper.
The usefulness of the coset construction becomes manifest if we consider
V¯(z1)V(z2) =
(
i x˜1¯2 −2 θ¯12
2 θ12 −1
)
, (2.31)
where
x˜1¯2 = x˜1− − x˜2+ + 4i θ¯1θ2 , θ12 = θ1 − θ2 , θ¯12 = θ¯1 − θ¯2 . (2.32)
The expression (2.31) is a function of the supertranslation invariant interval given by
zA12 = (x
a
12, θ
α
12,
˜¯θ12α˙) , y12 = x1 − x2 − iθ1σθ¯2 + iθ2σθ¯1 = −y21 , (2.33)
since x1¯2 = y12 − iθ12σθ¯12. From (2.23) (2.31) transforms according to δ
(
V¯(z1)V(z2)
)
=
−H¯(z1)V¯(z1)V(z2) − V¯(z1)V(z2)H(z2) and using the form for H, H¯ given in (2.24) this
gives
δx˜1¯2 =
(
ˆ¯ω(z1−) + σ¯(z1−)1
)
x˜1¯2 + x˜1¯2
(
− ωˆ(z2+) + σ(z2+)1
)
, (2.34)
as well as
δθ12 = θ12
(
− ωˆ(z2+) + σ(z2+)1
)
+ 2
(
σ¯(z1−)− σ(z1+)
)
θ12 −
1
2
i τ¯(z1+)x˜1¯2 ,
δθ¯12 =
(
ˆ¯ω(z1−) + σ¯(z1−)1
)
θ¯12 − 2
(
σ¯(z2−)− σ(z2+)
)
θ¯12 +
1
2 i x˜1¯2τ(z2−) .
(2.35)
Combining this result for δθ12 with (2.34) gives a simpler expression for the variation in
the form
δ
(
θ12x˜1¯2
−1
)
=
(
θ12x˜1¯2
−1
)(
− ˆ¯ω(z1−) + σ(z1+)1− 2σ¯(z1−)1
)
− 1
2
i τ¯(z1+) , (2.36)
and similarly from the result (2.35) for δθ¯12 with 1↔ 2
δ
(
x˜2¯1
−1θ¯12
)
=
(
− ωˆ(z1+) + σ(z1+)1− 2σ¯(z1−)1
)(
x˜2¯1
−1θ¯12
)
− 12 i τ(z1−) . (2.37)
If we let
(x21¯)αα˙ = −ǫαβǫα˙β˙(x˜1¯2)
β˙β , x21¯ = x2+ − x1− + 4i θ˜2
˜¯θ1 , (2.38)
then the inverse of x˜1¯2 is given explicitly by
x˜1¯2
−1 =
1
x1¯2
2
x21¯ , (2.39)
since x˜1¯2x21¯ = x1¯2
21. It is also useful to note that from (2.34)
δx21¯ =
(
ωˆ(z2+) + σ(z2+)1
)
x21¯ + x21¯
(
− ˆ¯ω(z1−) + σ¯(z1−)1
)
. (2.40)
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Under inversions as in (2.15) then with (2.32) and (2.38)
x˜1¯2 −→ x1+
−1x12¯ x2−
−1 . (2.41)
For two points in superspace z1, z2 then x˜1¯2 = x1¯2
aσ˜a, defined in (2.32) such that it
depends just on z1− and z2+ and satisfies x˜1¯2
† = −x˜2¯1, or equivalently x21¯, play a crucial
role in the subsequent construction of superconformally covariant two and higher point
amplitudes as a consequence of their homogeneous transformation properties in (2.34) or
(2.40). Given the result (2.31) we may also define a scalar by
sdetV¯(z1)V(z2) = −
(
x1¯2 + 2i θ12σθ¯12
)2
= −x2¯1
2 . (2.42)
Under a finite transformation z −→ z′ as in (2.30) we may find directly
x′2¯1
2 =
x2¯1
2
Ω¯(z2−)Ω(z1+)
, Ω¯(z−) = sdetG(z), Ω(z+) = sdet G¯(z) . (2.43)
In constructing conformally covariant two point functions both x1¯2 and x2¯1, which are
related by z1 ↔ z2, are necessary. A symmetric scalar is given by, with y12 defined in
(2.33),
x1¯2
2x2¯1
2 =
(
y12
2 + θ12
2θ¯12
2
)2
. (2.44)
For three points z1, z2, z3 we may define 4-vectors X1
a, X¯1
a by
X1 =
x12¯ x˜2¯3 x31¯
x2¯1
2 x1¯3
2
, X¯1 = −
x13¯ x˜3¯2 x21¯
x3¯1
2 x1¯2
2
= X1
† , (2.45)
so that X1 transforms homogeneously at z1 according to
δX1 =
(
ωˆ(z1+)− σ(z1+)1
)
X1 +X1
(
− ˆ¯ω(z1−)− σ¯(z1−)1
)
, (2.46)
and similarly for X¯1. To achieve analogous results for the Grassmann variables we consider
Θ˜1 = i
(
1
x2¯12
x12¯θ¯12 −
1
x3¯12
x13¯θ¯13
)
, ˜¯Θ1 = i
(
1
x1¯22
θ12x21¯ −
1
x1¯32
θ13x31¯
)
, (2.47)
since then the inhomogeneous terms involving τ¯ , τ in (2.36) and (2.37) cancel and Θ1
α, Θ¯1
α˙
transform homogeneously as chiral, anti-chiral spinors at z1,
δΘ1 = Θ1
(
− ωˆ(z1+) + σ(z1+)1− 2σ¯(z1−)1
)
,
δΘ¯1 =
(
ˆ¯ω(z1−) + σ¯(z1−)1− 2σ(z1+)1
)
Θ¯1 .
(2.48)
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Using formulae such as
x˜2¯3 = x˜2¯1 + x˜1¯3 + 4i θ¯12θ13 , (2.49)
we may find the relation
X1 − X¯1 = 4i Θ˜1
˜¯Θ1 , (2.50)
and for future reference we may note
X1
2 =
x2¯3
2
x2¯1
2x1¯3
2
, X¯1
2 =
x3¯2
2
x3¯1
2x1¯2
2
. (2.51)
With obvious cyclic permutation of indices in (2.45) and (2.47) we may similarly
define X2, X¯2,Θ2, Θ¯2 and X3, X¯3,Θ3, Θ¯3 which transform homogeneously at z2 and z3
respectively. It is easy to see that
x˜2¯1X1x˜1¯2 =
1
X¯2
2
˜¯X2 , x˜2¯1X¯1x˜1¯2 =
1
X2
2 X˜2 , (2.52)
and
x1¯2
2
x2¯1
2
x˜2¯1Θ˜1 =
1
X2
2 X˜2Θ˜2 ,
x2¯1
2
x1¯2
2
˜¯Θ1x˜1¯2 = −
1
X¯2
2
˜¯Θ2
˜¯X2 , (2.53)
with similar results giving X3, X¯3,Θ3, Θ¯3. From (2.53) we have
Θ1
2 =
(
x2¯1
2
x1¯2
2
)2
x3¯2
2
x3¯1
2
Θ2
2 , Θ¯1
2 =
(
x1¯2
2
x2¯1
2
)2
x2¯3
2
x1¯3
2
Θ¯2
2 . (2.54)
A straightforward check on (2.52) and (2.53) are that the conformal transformation prop-
erties of both sides are consistent. From (2.52)
X1
2
X¯1
2 =
X2
2
X¯2
2 =
X3
2
X¯3
2 , (2.55)
and from (2.46) this is a superconformal invariant. Under z2 ↔ z3, X1 ↔ −X¯1, while
X2 ↔ −X¯3, so that
I = 1
2
(
X1
2
X¯1
2 +
X¯1
2
X1
2
)
− 1 = 4
Θ1
2Θ¯1
2
X1
2 , (2.56)
using (2.50), is a completely symmetric superconformal invariant.5 We may also construct
an invariant which is completely antisymmetric by
J = 12
(
X1
2
X¯1
2 −
X¯1
2
X1
2
)
= −2iΘ1
(
X¯1
X¯1
2 +
X1
X1
2
)
Θ¯1 . (2.57)
Such invariants, depending only on three points z1, z2, z3, do not exist with ordinary con-
formal symmetry, it is immediately evident from (2.56) and (2.57) that J2 = 2I, I2 = 0.
5 This invariant was found by Park [10].
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3. Superfield Transformations
A quasi-primary superfield Oi(z), with i denoting vector or spinor indices, is here
defined by requiring that it forms a representation under superconformal transformations
induced from a finite dimension irreducible representation of G0. Under an infinitesimal
superconformal transformation, as described in the previous section,
δOi(z) = −LOi(z) + 12∂
ahb(z)(sab)
i
i′O
i′(z)− 2q σ(z+)O
i(z)− 2q¯ σ¯(z−)O
i(z) , (3.1)
where sab = −sba are the generators of O(3, 1), or the associated spin group, for the
representation (j, ¯), 2j, 2¯ = 0, 1, 2, . . ., defined by Oi, and q, q¯ are parameters such that
q + q¯ is the scale dimension and 3(q − q¯) is the U(1) R-symmetry charge of the field Oi.
Thus the superfield representation may be labelled (j, ¯, q, q¯). Using (2.28) we may write
1
2
∂ahb(z) sab = ωˆα
β(z+) sβ
α + ˆ¯ωα˙β˙(z−) s¯
β˙
α˙ , (3.2)
where s, s¯, sα
α = s¯α˙α˙ = 0, act on undotted, dotted spinor indices and form spin j, ¯
representations of the algebra,
[sα
β , sγ
δ] = δα
δsγ
β − δγ
βsα
δ , [s¯α˙β˙, s¯
γ˙
δ˙] = δ
α˙
δ˙ s¯
γ˙
β˙ − δ
γ˙
β˙ s¯
α˙
δ˙ , [sα
β , s¯α˙β˙ ] = 0 , (3.3)
which leads to [ 1
2
∂ahb1 sab,
1
2
∂chd2 scd] = [ωˆ1, ωˆ2]α
β sβ
α + [ˆ¯ω1, ˆ¯ω2]
α˙
β˙ s¯
β˙
α˙. Using this and
(2.29) it is straightforward to check that the form (3.1) is consistent with the algebra in
(2.17), [δ1, δ2]O = −δ′O. If the field is chiral, depending only on z+, then there must be
no terms in (3.1) corresponding to ˆ¯ω, so that only (j, 0) representations, when Oi(z) →
Oα1...α2j (z+) totally symmetric in {α1 . . . α2j}, are possible, or to σ¯ which requires q¯ = 0.
For such chiral superfields, for which the representation may therefore be denoted (j, q)+,
and also anti-chiral superfields, labelled by (¯, q¯)−, the scale dimension is therefore related
to the R-charge [16,17].
The field transformation defined by (3.1) in general defines an irreducible representa-
tion. However for particular (j, ¯, q, q¯) the superfield representation is reducible since then
suitable derivatives also transform as quasi-primary fields [18]. These cases are physically
significant in application to superconformal covariant conservation equations. As an illus-
tration which is relevant subsequently we may consider a ¯ = 0 representation for which
(3.1) becomes
δφα1...α2j = −Lφα1...α2j + 2j ωˆ(α1
βφα2...α2j)β − (2q σ + 2q¯ σ¯)φα1...α2j . (3.4)
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From (2.11) we have
[Dα,L] = −ωˆα
βDβ + (2σ¯ − σ)Dα , (3.5)
and using
Dγωˆα
β = −2δγ
βDασ + δα
βDγσ , (3.6)
we may find
Dαδφα1...α2j = − L
(
Dαφα1...α2j
)
+ 2j ωˆ(α1
βD|α|φα2...α2j)β + ωˆα
βDβφα1...α2j
−
(
(2q − 1)σ + 2(q¯ + 1)σ¯
)
Dαφα1...α2j
− 4j D(α1σ φα2...α2j)α + 2(j − q)Dασ φα1...α2j .
(3.7)
From (3.7) we may easily see, by requiring cancellation of the Dασ terms, that
D˜αφα1...α2j−1α
D(αφα1...α2j)
}
are quasi-primary if
{
q = j + 1 ,
q = −j .
(3.8)
The conditions in (3.8) for D derivatives to be quasi-primary in fact apply, without any
modification of the argument since Dσ¯ = D ˆ¯ω = 0, to any ¯ ≥ 0 representation. Hence in
general the derivatives defined in (3.8) give
(j, ¯, j + 1, q¯) −→ (j − 1
2
, ¯, j + 1
2
, q¯ + 1) , (3.9a)
(j, ¯,−j, q¯) −→ (j + 12 , ¯,−j −
1
2 , q¯ + 1) , (3.9b)
and the kernels of these maps are invariant subspaces of the superfield representation
spaces for these cases, if j = 0 in (3.9b) the kernel is just the space of (¯, q¯)− anti-chiral
superfields. Such results also obviously apply for D¯ derivatives if q¯ = ¯ + 1 or q¯ = −¯.
Similar arguments show that D2Oi is quasi-primary only for (0, ¯, 1, q¯) representations, as
expected since D2Oi is an anti-chiral (¯, q¯ + 2)− superfield, and conversely for D¯
2Oi if
¯ = 0, q¯ = 1.6
The representation defined by (3.1) is unitary and has positive energy when q, q¯ are
real with the following restrictions [19],
j, ¯ ≥ 0 q ≥ j + 1, q¯ ≥ ¯+ 1 ;
j = q = 0 , q¯ ≥ ¯+ 1 ; ¯ = q¯ = 0 , q ≥ j + 1 ;
j = ¯ = q = q¯ = 0 .
(3.10)
6 In [3] the invariant subspaces defined by the kernel of D2 were considered, in these papers
a representation of the superconformal generators acting on superfields based on the little group
generated by matrices M in (2.19) with a = ǫ = η¯ = 0 is considered. This is related to the
representation here by a Fourier transform with respect to θ¯.
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The results (3.8) are relevant when derivative constraints are imposed on superfields
if they are to be superconformal covariant. For the vector supercurrent Ta(z) → Tαα˙(z)
then
D˜αTαα˙ =
˜¯Dα˙Tαα˙ = 0 , (3.11)
is superconformally covariant as a consequence of (3.9a) and its conjugate only for T be-
longing to the ( 1
2
, 1
2
, 3
2
, 3
2
) representation. Similarly for the scalar superfield L(z) containing
a current amongst its components the supersymmetric conservation equations
D2L = D¯2L = 0 , (3.12)
require L to belong to the (0, 0, 1, 1) representation. We may also note that for chiral,
anti-chiral spinor superfields Wα, W α˙ then
D˜αWα = D¯α˙W˜
α˙ , (3.13)
is consistent with superconformal invariance only ifW,W belong to ( 1
2
, 3
2
)+, (
1
2
, 3
2
)− repre-
sentations respectively (from (3.9a) both sides of (3.13) are then (0, 0, 2, 2) superfields). Eq.
(3.13) is just the Bianchi identity for abelian supergauge theories so this result shows that
it can be maintained at a superconformal point only if the scale dimensions ofW,W remain
equal to their free field values. In consequence a non trivial superconformal gauge theory
must violate the Bianchi identity which requires there to be both massless magnetically
and electrically charged fields [20].7
Using (3.11) and the conditions (2.6) and (2.7) we may define a scalar superfield
Lh = h˜
α˙αTαα˙ , (3.14)
which satisfies the conservation equations (3.12). Under a superconformal transformation
we have
δ1Lh2 = h˜
α˙α
2 δ1Tαα˙ = −
(
L1 + 2σ1 + 2σ¯1
)
Lh2 − Lh′ , (3.15)
where h′ is as in (2.18).
7 Similar results hold in any dimension for purely bosonic gauge fields. If Fab is the field
strength, with scale dimension η, and which is supposed to transform under conformal transforma-
tions according to δFab = −(h·∂+ηρ)Fab+ ω˜a
cFcb+ ω˜b
cFac where ∂ahb = ηabρ− ω˜ab, ω˜ab = −ω˜ba,
then ∂[cδFab] = −(h·∂ + (η + 1)ρ)∂[cFab] + ω˜c
d∂[dFab] + ω˜a
d∂[cFdb] + ω˜b
d∂[cFad] + 2(η − 2)b[cFab].
The inhomogeneous terms in the transformation of the Bianchi identity ∂[cFab] = 0, involving the
parameter b for special conformal transformations, vanish only if η = 2 which is the free field case.
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An expression for the superfield L which trivially satisfies the conservation equations
in (3.12) is given by
L = D˜αFα , D¯α˙Fα = 0 , (3.16)
and for this to be superconformally covariant Fα must be a (
1
2
, 3
2
)+ chiral superfield.
To construct an expression for the supercurrent T in which the conservation equa-
tions (3.11) are identically satisfied we consider a ( 32 , q)+ chiral superfield C
αβγ(z+) which
transforms as
δCαβγ = −LCαβγ − 3Cα
′(βγωˆα′
α) − 2q σ Cαβγ , (3.17)
and using (3.5) and
[∂αα˙,L] = −ωˆα
β∂βα˙ + ˆ¯ω
β˙
α˙∂αβ˙ + (σ + σ¯)∂αα˙ + i
(
DασD¯α˙ + D¯α˙σ¯Dα
)
, (3.18)
we may find
Dβ∂γα˙δC
αβγ = −L
(
Dβ∂γα˙C
αβγ
)
−Dβ∂γα˙C
α′βγ ωˆα′
α −Dβ∂γβ˙C
αβγ ˆ¯ωβ˙ α˙
− (2qσ + 3σ¯)Dβ∂γα˙C
αβγ + (3− 2q)
(
Dβσ ∂γα˙C
αβγ −DβC
αβγ bγα˙
)
.
(3.19)
In consequence Dβ∂γα˙C
αβγ is quasi-primary if q = 32 and it is easy to see that
Tαα˙ = ǫαα′Dβ∂γα˙C
α′βγ , D¯α˙C
αβγ = 0 , (3.20)
then gives an expression for the supercurrent which satisfies (3.11) identically, and also
has the correct superconformal representation ( 12 ,
1
2 ,
3
2 ,
3
2 ) for T . Such a (
3
2 ,
3
2 )+ superfield
falls outside the restrictions given in (3.10) so Cαβγ cannot exist in a unitary theory but
the representation (3.20) is important in various cases subsequently.
For any quasi-primary superfield general constructions for two and three point func-
tions, consistent with superconformal invariance, are possible using the results of section 2.
For a superfield Oi we also consider its conjugate O¯ı¯ when (j, ¯, q, q¯)→ (¯, j, q¯, q). To define
the two-point function for superfields at z1, z2 we introduce I
iı¯(x12¯, x1¯2) which transforms
as a bilocal invariant tensor for the corresponding superfield representations at z1, z2 with
q = q¯ = 0,(
Lz1 + Lz2
)
Iiı¯(x12¯, x1¯2)
− 12∂
ahb(z1)(sab)
i
i′I
i′ı¯(x12¯, x1¯2) + I
iı¯′(x12¯, x1¯2)(s¯ab)ı¯′
ı¯ 1
2∂
ahb(z2) = 0 ,
(3.21)
with s¯ab = −sab† the generators of the conjugate representation. With gii′ , g¯ı¯¯ı′ group
invariant tensors for these representations then we may also define
I¯ı¯i(x2¯1, x21¯) = g¯ı¯¯ı′gii′I
i′ ı¯′(x12¯, x1¯2) , (3.22)
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and the normalisation of I, I¯ is fixed by requiring
Iiı¯(x12¯, x1¯2)I¯ı¯i′(x2¯1, x21¯) = δ
i
i′ , I¯ı¯i(x2¯1, x21¯)I
iı¯′(x12¯, x1¯2) = δı¯
ı¯′ . (3.23)
For the fundamental spinor representation then from (2.40) and (2.38) expressions satis-
fying (3.21) and also (3.22) may be obtained which depend just on x12¯ = −x2¯1,
Iαα˙(x12¯) = i
(x12¯)αα˙√
x2¯1
2
, I¯ α˙α(x2¯1) = ǫ
α˙β˙ǫαβIββ˙(x12¯) = −i
(x˜2¯1)
α˙α√
x2¯1
2
, (3.24)
while for general representations explicit results are easily obtained by reduction of tensor
products. Thus for 4-vectors, when gii′ , g¯ı¯¯ı′ → ηab,
Iab(x12¯, x1¯2) = I¯ba(x2¯1, x21¯) =
tr(σa x˜1¯2 σb x˜2¯1)
2
√
x1¯2
2 x2¯1
2
=
tr(σ˜a x12¯ σ˜b x21¯)
2
√
x1¯2
2 x2¯1
2
. (3.25)
Here the denominator may be simplified by use of (2.44).
With the definitions (3.25) and (3.24) we may rewrite the transformations (2.52) and
(2.53) as
Iab(x21¯, x2¯1)X1
b =
1(
X2
2 X¯2
2 x1¯2
2 x2¯1
2
) 1
2
X2a
I , Xa
I ≡ Iab(X¯,X)X
b = −
(
X2
X¯2
)1
2
X¯a , (3.26)
and
Iαα˙(x21¯)Θ¯1
α˙ =
(
x1¯2
2
X¯2
2
)1
2 1
x2¯12
Θ¯2α
I , Θ¯α
I ≡ Iαα˙(X¯)Θ¯
α˙ = i
1
(X¯2)
1
2
(X¯Θ¯)α ,
Θ1
αIαα˙(x12¯) =
(
x2¯1
2
X2
2
)1
2 1
x1¯22
Θ2α˙
I , Θα˙
I ≡ ΘαIαα˙(−X) = −i
1
(X2)
1
2
(ΘX)α˙ .
(3.27)
From (2.45) we may also obtain
I¯ı¯1i2(x1¯2, x12¯)I
i2ı¯3(x23¯, x2¯3)I¯ı¯3i1(x3¯1, x31¯) = I¯ı¯1i1(X¯1, X1) . (3.28)
The significance of I, I¯ becomes more apparent on considering the transformation of
superfields under inversions, for which z −→ z′ as in (2.15), when we require
Oi(z) −→ O′i(z) =
1
x′+
2q¯ x′−
2q
Iiı¯(−x′−,−x
′
+) O¯ı¯(z
′) ,
O¯ı¯(z) −→ O¯
′
ı¯(z) =
1
x′+
2q x′−
2q¯
I¯ı¯i(−x
′
+,−x
′
−)O
i(z′) .
(3.29)
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Since all superconformal transformations can be generated by combining inversions with
ordinary supersymmetry the transformations in (3.29) are sufficient to obtain any superfield
superconformal transformation. As a consequence of (3.23) Iiı¯(−x−,−x+)I¯ı¯i′(x−, x+) =
δii′ and using (2.15) x
′
± = −x∓/x∓
2 it is easy to verify from (3.29) that two inversions leave
the superfields invariant. In the purely bosonic case Iab(x12¯, x1¯2) reduces to the inversion
tensor ηab − 2x12ax12b/x122 which played a crucial role in the discussion of conformal
invariance in arbitrary dimensions [7,8].
A general superconformal covariant expression for the two point function of the su-
perfield O and its conjugate O¯ is given in terms of I by
〈Oi(z1)O¯
ı¯(z2)〉 = CO
Iiı¯(x12¯, x1¯2)
x1¯22q¯ x2¯12q
, (3.30)
with CO an overall normalisation constant. In the denominator of (3.30), and in other
expressions subsequently, the singular behaviour at x1¯2
2, x2¯1
2 = 0 has be modified in ac-
cord with the standard lore of quantum field theory, thus for a product of field operators
φ(x)φ(0) the singular functions should depend on x2 + iǫx0 while for time ordered prod-
ucts on x2+ iǫ. However in (3.30) and subsequently we leave such resolutions of light cone
singularities implicit. The conditions (3.10) are necessary and sufficient for (3.30) to be
expressible in terms of a sum over intermediate states of positive norm, as in any unitary
theory.
For the three point function we may write a general form as
〈Oi11 (z1)O
i2
2 (z2)O
i3
3 (z3)〉 =
Ii1ı¯11 (x13¯, x1¯3)I
i2ı¯2
2 (x23¯, x2¯3)
x1¯3
2q¯1 x3¯1
2q1 x2¯3
2q¯2 x3¯2
2q2
tı¯1ı¯2
i3(X3,Θ3, Θ¯3) , (3.31)
whereX3,Θ3, Θ¯3 are defined by appropriate modification of (2.45) and (2.47), and I1, I2 are
the bilocal tensors introduced above for the representations defined by the quasi-primary
superfields O1, O2. The expression (3.31) automatically has the correct transformation
properties at z1, z2 and also at z3 if tı¯1ı¯2
i3 has the homogeneity properties
tı¯1ı¯2
i3(λλ¯X, λΘ, λ¯Θ¯) = λ2aλ¯2a¯ tı¯1ı¯2
i3(X,Θ, Θ¯) , (3.32)
where
a− 2a¯ = q¯1 + q¯2 − q3 , a¯− 2a = q1 + q2 − q¯3 . (3.33)
Since Θ, Θ¯ are two-component Grassmann spinors we must have
2(a− a¯) = 23
∑
i
(
q¯i − qi
)
= 0,±1,±2 , (3.34)
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and if a = a¯ we may equivalently write, as a consequence of (2.50), tı¯1ı¯2
i3(X, X¯). Otherwise
tı¯1 ı¯2
i3(X,Θ, Θ¯) is required to transform according to the appropriate spin representations
when X,Θ, Θ¯ transform infinitesimally as δX = ωX− Xω¯, δΘ = −Θω, δΘ¯ = ω¯Θ¯.
Using (3.26), (3.27), for 2→ 1, 1→ 3, and (3.32) we may use the invariance properties
of tı¯1 ı¯2
i3(X,Θ, Θ¯) to obtain the transformation formula
Ii1 ı¯11 (x13¯, x1¯3)I
i2ı¯2
2 (x13¯, x1¯3)I¯3 ı¯3i3(x1¯3, x13¯) tı¯1ı¯2
i3(X3,Θ3, Θ¯3)
=
x1¯3
2(a−2a¯)x3¯1
2(a¯−2a)
X1
2a X¯1
2a¯ t¯
i1i2
ı¯3(X1
I ,Θ1
I , Θ¯1
I) ,
t¯i1i2 ı¯3(X
I ,ΘI , Θ¯I) = Ii1ı¯11 (X¯,X)I
i2ı¯2
2 (X¯,X)I¯3 ı¯3i3(−X¯,−X) tı¯1ı¯2
i3(X,Θ, Θ¯) ,
(3.35)
with XI ,ΘI , Θ¯I defined in (3.26) and (3.27). This result, with the aid of (3.28) and (3.23),
allows us to rewrite (3.31) in the equivalent form
〈Oi11 (z1)O
i2
2 (z2)O
i3
3 (z3)〉 =
Ii2ı¯12 (x21¯, x2¯1)I
i3ı¯3
3 (x31¯, x3¯1)
x2¯1
2q¯2 x1¯2
2q2 x3¯1
2q¯3 x1¯3
2q3
t˜i1 ı¯2ı¯3(X1,Θ1, Θ¯1) , (3.36)
where
t˜i1 ı¯2ı¯3(X,Θ, Θ¯) =
1
X2(a+q¯2)X¯2(a¯+q2)
I¯2 ı¯2i2(X¯,X) t¯
i1i2
ı¯3(X
I ,ΘI , Θ¯I) . (3.37)
It is clearly possible to obtain a third representation in which we have a function
˜˜tı¯1
i2
ı¯3(X2,Θ2, Θ¯2). It is straightforward to verify that the result (3.36) satisfies the equiv-
alent homogeneity properties to (3.32) and (3.33).
The relevance of these results becomes more apparent if we consider the short distance
limit z1 → z2. In this limit it is easy to see that
X1
I ∼ −
1
(x2¯12 x1¯22)
1
2
x12¯ , Θ1
I ∼ −
1
(x2¯12)
1
2
˜¯θ12 , Θ¯1
I ∼ −
1
(x1¯22)
1
2
θ˜12 . (3.38)
Using these limiting expressions in (3.36) with (3.37), and applying the homogeneity rela-
tion (3.32) once more, the leading behaviour has the form
〈Oi11 (z1)O
i2
2 (z2)O
i3
3 (z3)〉 ∼ I
i3ı¯3
3 (x31¯, x3¯1) t¯
i1i2
ı¯3
(
x21¯,
˜¯θ21, θ˜21
)
for z1 ∼ z2 . (3.39)
Given the result (3.30) for the two point function we may therefore obtain for the contri-
bution to the operator product expansion of O1, O2 involving O¯3,
Oi11 (z1)O
i2
2 (z2) ∼
1
CO3
t¯i1i2 ı¯3
(
x21¯,
˜¯θ21, θ˜21
)
O¯ı¯33 (z2) . (3.40)
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This demonstrates how in the operator product expansion of two quasi-primary fields the
most singular coefficient in the expansion involving a third operator, without any deriva-
tives acting on it, determines completely the corresponding superconformally covariant
three point function.
In the rest of this paper we apply the general results to various particular cases, mainly
involving the supercurrent. It is important to recognise that the representations (3.16) and
(3.20) may be used to provide alternative less singular forms. For the superfield L, which
contains a conserved current, then the general formula (3.30) gives simply
〈L(z1)L(z2)〉 = CL
1
x2¯1
2 x1¯2
2
. (3.41)
Making use of (3.16) an expression which satisfies (3.12) identically and reduces to (3.41)
for z1 6= z2 is then
〈L(z1)L(z2)〉 =
1
4CL D˜2
αD1α
(
θ 212
(x 212+)
2
)
, x12+ = x1+ − x2+ . (3.42)
In a similar fashion the general form for the two point function of the supercurrent is from
(3.30),8
〈Ta(z1)Tb(z2)〉 = CT
Iab(x12¯, x1¯2)(
x2¯1
2 x1¯2
2
) 3
2
or 〈Tαα˙(z1)Tββ˙(z2)〉 = 2CT
(x12¯)αβ˙ (x21¯)βα˙(
x2¯1
2 x1¯2
2
)2 , (3.43)
and with the aid of (3.20) this can be rewritten as
〈Tαα˙(z1)Tββ˙(z2)〉 = −
1
16
CT ∂1γα˙∂2δβ˙D2ǫD1η
(
Eα
γǫ
,β
δη θ
2
12
(x 212+)
2
)
, (3.44)
where E is the projector for symmetric three index spinors
Eαγǫ,
βδη = δ(α
βδγ
δδǫ)
η . (3.45)
The expressions (3.42) and (3.44) are no longer manifestly superconformally covariant but
they allow the non integrable singularity at z1 = z2 to be easily regularised, consistent with
the conservation equations, using the method of differential regularisation by replacing in
(3.42) and (3.44)
R
(
1
(x 212+)
2
)
= −
1
4
∂2
(
1
x 212+
ln
(
µ2x 212+
))
, (3.46)
with µ an arbitrary mass scale.
8 This result was essentially given in the first paper in ref.[6].
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4. Supercurrent and Ward Identities
In order to derive the Ward identities which constrain correlation functions and opera-
tor product expansions involving the supercurrent we use a variant of the standard Noether
construction of the supercurrent from symmetries of the action. For orientation we first
consider a global continuous symmetry acting on the basic fields of the theory under which
the action is invariant δǫS = 0, for ǫi the parameter representing an infinitesimal group
transformation. To define the associated conserved current in terms of a superfield we
allow ǫi to be extended to independent ǫi(z+), ǫ¯i(z−) which are defined locally on chiral,
anti-chiral superspace (thus chiral fields transform according to ǫi while anti-chiral fields
according to ǫ¯i). The action then transforms generally as
δǫ,ǫ¯S = i
∫
d8z
(
ǫiKi − ǫ¯iK¯i
)
. (4.1)
For ǫi = ǫ¯i, a constant, the variation must vanish and this requires that Ki − K¯i must be
a total derivative so that in general we may therefore write Ki− K¯i = D˜αUiα+ D¯α˙U¯iα˙ for
some Uiα, U¯i
α˙. Furthermore in the definition (4.1) Ki is arbitrary up to Ki ∼ Ki− D¯α˙U¯iα˙
and similarly K¯i ∼ K¯i + D˜αUiα. Using this freedom allows us to set Ki − K¯i to zero so
that (4.1) then becomes
δǫ,ǫ¯S = i
∫
d8z
(
ǫi − ǫ¯i
)
Li . (4.2)
Since δS = 0 for arbitrary variations of the fields defines the equations of motion then,
so long as these are satisfied, (4.2) must vanish for any ǫi, ǫ¯i which leads to Li being
required to obey (3.12). In a quantum field theory, with Li an operator superfield, the
Ward identities for correlation functions involving other superfields O may be formally
derived from the functional integral using (4.2), assuming invariance of the measure or
equivalently no anomalies, in the form
−
∫
d8z
(
ǫi(z+)− ǫ¯i(z−)
)〈
Li(z) . . .O(zr) . . .
〉
+
∑
O
〈
. . . δǫ,ǫ¯O(zr) . . .
〉
= 0 , (4.3)
which leads to differential relations on taking functional derivatives with respect to ǫi or
ǫ¯i.
For the supercurrent we follow a similar analysis9 considering now the response of
the action to local superspace diffeomorphisms preserving chiral superspace so that coor-
dinates transform as in (2.2) with h, h¯ given by (2.4). For general h, h¯ satisfying (2.6) it is
9 For a very different application of Noether’s theorem to a derivation of the supercurrent
see [21].
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convenient to define
ωhα
β − 3σh δα
β = Dαλ
β + 1
2
∂αα˙h˜
α˙β , ω¯h¯
β˙
α˙ + 3σ¯h¯ δ
β˙
α˙ = D¯α˙λ¯
β˙ − 1
2
∂αα˙
˜¯hβ˙α , (4.4)
where ωhα
α = ω¯h¯
α˙
α˙ = 0 and these satisfy the chirality conditions
D¯α˙ωhα
β = D¯α˙σh = 0 , Dαω¯h¯
β˙
α˙ = Dασ¯h¯ = 0 . (4.5)
Analogous to (4.1) we then assume that under transformations on the basic fields induced
by such diffeomorphisms the action is assumed to transform as
δh,h¯S = −
1
2
i
∫
d8z
(
haJa − h¯
aJ¯a
)
+
∫
d6z+ σhJ +
∫
d6z− σ¯h¯J¯ , (4.6)
where J , J¯ are chiral, anti-chiral superfields, satisfying D¯α˙J = 0, DαJ¯ = 0. As a
consequence also of (2.6) J, J¯ are arbitrary up to
Jαα˙ ∼ Jαα˙ + D˜
βK(βα)α˙ , J¯αα˙ ∼ J¯αα˙ +
˜¯Dβ˙K¯α(α˙β˙) . (4.7)
Using this freedom we show that improvement terms may be added to J, J¯ so that their
difference can be transformed to zero.10
To demonstrate this we make essential use of the invariance of S under the usual
Poincare´ and supersymmetry transformations on the fields. This requires that (4.6) should
vanish for ha = h¯a = hL
a, with hL
a given by the restriction of (2.9) to the non supercon-
formal case when σhL = σ¯h¯L = 0, so that
∫
d8z hL
a
(
Ja− J¯a
)
= 0 , h˜L
α˙α = a˜α˙α+ ω¯α˙β˙ x˜+
β˙α− x˜−
α˙βωβ
α− 4i θ¯α˙ǫα+4i ǫ¯α˙θα . (4.8)
10 This is analogous to the usual introduction of improvement terms to obtain a symmetric
traceless energy momentum tensor. In d-dimensions then for an action S depending on fields
φ then if these transform under translations, Lorentz and scale transformations according to
δφ = −ha∂aφ − 12ω
absabφ − ηρφ, with sab the spin generators and η the scale dimension, then
for arbitrary local ha(x), ωab(x) = −ωba(x), ρ(x) the action S may be supposed to transform as
δS = −
∫
ddx {(∂ahb+ωab−ρ ηab)T
ab+∂cωabX
cab+∂a∂bρS
ab}, where the further assumption that
terms involving only single derivatives of ρ can be removed is also made. With this restriction if
T abimp. = T
ab−∂c(X
cab−Xacb+Xbac)+∂c∂d(η
acJdb+ηadJcb+ηbcJda+ηbdJca−2ηabJcd−2ηcdJab)
for, if d > 2, Jab = 1
2(d−2)
(Sab− 1
2(d−1)
ηab ηcdS
cd) then δS = −
∫
ddx (∂ahb+ωab−ρ ηab)T
ab
imp. and
since the variation withs respect to ha, ωab, ρ must vanish independently, subject to the equations
of motion, T abimp. is conserved, symmetric and traceless.
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In consequence Ja − J¯a must be expressible as a total derivative which, in order to cancel
the a, ǫ, ǫ¯ terms in hL, should be of the form
Jαα˙ − J¯αα˙ = D˜
βZ(βα)α˙ +
˜¯Dβ˙Z¯α(α˙β˙) + D˜
β ˜¯Dβ˙Xβαα˙β˙ +
˜¯Dβ˙D˜βX¯βαα˙β˙
= D˜βZ ′(βα)α˙ +
˜¯Dβ˙Z¯ ′α(α˙β˙) +Dα
˜¯Dβ˙X(α˙β˙) + D¯α˙D˜
βX¯(βα) +DαD¯α˙X + D¯α˙DαX¯ ,
(4.9)
where the second line is obtained by decomposing Xβαα˙β˙ and X¯βαα˙β˙ into irreducible
components and wherever possible absorbing terms into a redefinition of Z, Z¯. With this
particular form in (4.8) we find
− i
∫
d8z hL
a
(
Ja − J¯a
)
= 4
∫
d8z
(
ω¯α˙β˙X(α˙β˙) − ω
βαX¯(βα)
)
. (4.10)
In order to ensure such terms are absent we must further require
X¯(βα) = D˜
γY(γβα) +D(βYα) +
˜¯Dβ˙Yβαβ˙ , Yαββ˙ = Yβαβ˙ , (4.11)
and similarly for X(α˙β˙). However we then find
D¯α˙D˜
βX¯(βα) = −
3
2 D¯α˙Dα
(
D˜βYβ
)
− D˜βD¯2Yβαα˙ +
˜¯Dβ˙
(
4
3D¯(α˙D˜
βYβα|β˙) + 2D˜
βD¯(α˙Yβα|β˙)
)
.
(4.12)
Thus these terms may be removed by a further redefinition of Z, Z¯ and also X¯ in (4.9).
Hence, taking account of the freedom in (4.7), we may therefore in general write, for
suitable X, X¯,
Jαα˙ − J¯αα˙ ∼
1
2 [Dα, D¯α˙](X − X¯)− i ∂αα˙(X + X¯) . (4.13)
From the trace of the formulae in (4.4) we may find
i∂αα˙
(
h˜α˙α + ˜¯hα˙α
)
= − 1
6
[Dα, D¯α˙]
(
h˜α˙α − ˜¯hα˙α
)
− 16i
(
σh + σ¯h¯
)
,
1
2 [Dα, D¯α˙]
(
h˜α˙α + ˜¯hα˙α
)
= − 3i∂αα˙
(
h˜α˙α − ˜¯hα˙α
)
− 48i
(
σh − σ¯h¯
)
,
(4.14)
and then using this with (4.13) allows us to obtain finally
δh,h¯S =
1
4
i
∫
d8z
(
h˜α˙α − ˜¯hα˙α
)
Tαα˙ + 4
∫
d8z
(
σh(2X − X¯)− σ¯h¯(X − 2X¯)
)
+
∫
d6z+ σhJ +
∫
d6z− σ¯h¯J¯
= − 12 i
∫
d8z
(
ha − h¯a
)
Ta +
∫
d6z+ σhT +
∫
d6z− σ¯h¯T¯ , (4.15)
where the supercurrent is now given by
Tαα˙ =
1
2
(
Jαα˙ + J¯αα˙
)
− 112 [Dα, D¯α˙](X + X¯) + 3i ∂αα˙(X − X¯) , (4.16)
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and, using the chiral properties (4.5) of σh, σ¯h¯,
T = J − D¯2(2X − X¯) , T¯ = J¯ +D2(X − 2X¯) . (4.17)
The implicit definition (4.15) does not determine the supercurrent uniquely since if
Tαα˙ → Tαα˙ +DαD¯α˙S¯ − D¯α˙DαS , DαS¯ = 0 , D¯α˙S = 0 , (4.18)
then this can be compensated in (4.15) by taking
T → T + 32D¯
2S¯ , T¯ → T¯ + 32D
2S . (4.19)
To obtain the conservation equations it is convenient as usual to solve (2.6) in terms
of unconstrained prepotentials Lα, L¯α˙ where
h˜α˙α = 2 ˜¯Dα˙Lα , ˜¯hα˙α = 2D˜αL¯α˙ ⇒ σh =
1
24 i D¯
2DαL
α , σ¯h¯ = −
1
24 iD
2D¯α˙L¯
α˙ . (4.20)
Varying Lα, L¯α˙ in (4.15) now gives
D˜αTαα˙ =
1
3 D¯α˙T¯ ,
˜¯Dα˙Tαα˙ =
1
3 DαT . (4.21)
For superconformal invariance the variation in (4.15) must vanish when (2.7) is satisfied,
when σh = σ, σ¯h¯ = σ¯ as given by (2.25) and (2.26). Thus (4.15) should be independent of
σh, σ¯h¯ or T = T¯ = 0, for a suitable choice of S, S¯ in (4.19), in this case and then (4.21)
reduces to the superconformal covariant equation (3.11).
Although the above considerations are classical we can use them as previously in (4.3)
to obtain the corresponding quantum field theory Ward identity, assuming superconformal
invariance extends to the quantum theory, in the form
1
2
∫
d8z
(
ha(z)− h¯a(z)
)〈
Ta(z) . . .O(zr) . . .
〉
+
∑
O
〈
. . . δh,h¯O(zr) . . .
〉
= 0 . (4.22)
For quasi-primary superfields the definition of δh,h¯O need not be unique but it should
reduce to (3.1) in the superconformal limit, h = h¯, when (4.22) becomes to just the
requirement of superconformal covariance of the correlation function 〈. . .O(zr) . . .
〉
.
For subsequent applications we apply these results to the trivial cases of free field
theories. For chiral scalar fields φ(z+), φ¯(z−) we take
S =
∫
d8z φ¯φ , (4.23)
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and the fields are supposed to transform as
δhφ = −L+φ− 2q σhφ , δh¯φ¯ = −L−φ¯− 2q¯ σ¯h¯ φ¯ , (4.24)
with L± given in (2.3). The variation of (4.23) can then be written as in (4.6) with
Jαα˙ =
1
2
Dαφ D¯α˙φ¯− i∂αα˙φ φ¯ , J¯αα˙ =
1
2
Dαφ D¯α˙φ¯+ iφ ∂αα˙φ¯ ,
J = 12q D
2(φφ¯) , J¯ = 12 q¯ D¯
2(φφ¯) .
(4.25)
Clearly the difference is of the required form given by (4.13) with X = X¯ = 1
2
φφ¯. Hence
from (4.17) we have T = T¯ = 0 if q = q¯ = 1 and the supercurrent for this theory becomes
Tαα˙ =
1
3
(
Dαφ D¯α˙φ¯+ 2i φ
↔
∂αα˙φ¯
)
. (4.26)
The other example of a trivial superconformal theory is formed by the abelian gauge
theory with action
S =
1
4
∫
d6z+W
2 +
1
4
∫
d6z−W
2 , Wα = −
1
4
D¯2DαV , W α˙ = −
1
4
D2D¯α˙V . (4.27)
The action of superdiffeomorphisms on the scalar gauge superfield V is taken as
δh,h¯V = −
(
1
2
(ha + h¯a)∂a + λ
αDα +
˜¯λα˙
˜¯Dα˙
)
V − 1
8
i
(
h˜α˙α − ˜¯hα˙α
)
[Dα, D¯α˙]V . (4.28)
This clearly reduces to the general form for a superconformal transformation (3.1) when
h = h¯ and has the important property that it preserves gauge transformations,
δV = −i12(ǫ− ǫ¯) ⇒ δh,h¯δV = i
1
2 (L+ǫ−L−ǫ¯) , D¯α˙ǫ = 0 , Dαǫ¯ = 0 . (4.29)
From this and using (4.4) the chiral fields W,W transform as
δh,h¯Wα = −L+Wα + ωhα
βWβ − 3σhWα −
1
8
iǫαβD¯
2
(
W β˙(h˜
β˙β − ˜¯hβ˙β)
)
,
δh,h¯W α˙ = −L−W α˙ −W β˙ω¯h¯
β˙
α˙ − 3σ¯h¯W β˙ −
1
8 iǫα˙β˙D
2
(
(h˜β˙β − ˜¯hβ˙β)Wβ
)
,
(4.30)
which for h = h¯ automatically give that W, W are ( 1
2
, 3
2
)+, (
1
2
, 3
2
)− superconformal super-
fields. From (4.30) we easily find
δh,h¯W
2 = −
(
L+ + 6σh
)
W 2 + 14 iD¯
2
(
(h˜β˙β − ˜¯hβ˙β)WβW β˙
)
,
δh,h¯W
2 = −
(
L− + 6σ¯h¯
)
W 2 + 14 iD
2
(
(h˜β˙β − ˜¯hβ˙β)WβW β˙
)
,
(4.31)
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and applying this in (4.27) gives the required form in (4.15), with T = T¯ = 0, where
Tαα˙ = −2WαW α˙ . (4.32)
5. Chiral Superfields
The general results in section 3 simplify significantly if they are applied for cases
involving chiral superfields so we consider these first. We denote a (0, q)+ chiral scalar by
φ(z+) and its anti-chiral (0, q¯)− partner, where q = q¯, by φ¯(z−). From (3.30) the associated
two point function is simply
〈φ(z1+)φ¯(z2−)〉 = Cφ
1
x2¯1
2q
. (5.1)
For two chiral scalar superfields and an anti-chiral superfield we may write the three point
function from (3.31) as
〈φ1(z1+)φ2(z2+)φ¯3(z3−)〉 = C123¯
1
x3¯1
2q1x3¯2
2q2
, q1 + q2 = q¯3 . (5.2)
As in (3.40) this leads to the operator product
φ1(z1+)φ2(z2+) ∼
1
Cφ
C123¯ φ3(z2+) , q1 + q2 = q3 , (5.3)
without any singularities as z1 → z2 so that the chiral scalar fields form a closed algebraic
ring.
Results for two or three chiral fields are only possible in special cases. For the two
point function we may write the conformally invariant form [4],
〈φ1(z1+)φ2(z2+)〉 = C12 δ
4(x1+ − x2+) θ12
2 , q1 + q2 = 3 , (5.4)
but this is a pure contact term and should be removable by suitable counterterms in
the effective action. For three chiral scalar fields we may write from (3.31) (in (3.32)
a = a¯− 1 = q3 − 2)
〈φ1(z1+)φ2(z2+)φ3(z3+)〉 = C123
1
x3¯1
2q1x3¯2
2q2
X3
2(q3−2)Θ¯3
2 ,
= C123
1
x1¯2
2q2x1¯3
2q3
X1
2(q1−2)Θ¯1
2 , q1 + q2 + q3 = 3 ,
(5.5)
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where consistency depends on the condition
∑
i qi = 3 and in the second line we have
transformed to the alternative form given by (3.36) using (3.37). The chirality properties
are not manifest in (5.5) but in the second line the form of X1
2 in (2.51) and of Θ¯1 in
(2.47) demonstrate that this expression depends only on z3+ and also since f(X1)Θ¯1
2 =
f(X¯1)Θ¯1
2 on z2+ whereas similar arguments from the first line of (5.5) demonstrate that
it also depends only on z1+. We later give an equivalent expression in which the chirality
properties are obvious but the conformal properties are less evident.11 Corresponding to
(5.5) we have an operator product,
φ1(z1+)φ2(z2+) ∼ −
C123
Cφ3
θ12
2(
(x1+ − x2+)2
)2−q¯3 φ¯3(z2−) , q¯3 = 3− q1 − q2 . (5.6)
For three point functions involving the supercurrent and chiral scalar fields we may
write from (3.31) the unique expression
〈Tαα˙(z1)φ(z2+)φ¯(z3−)〉 = − iA
(x13¯)αβ˙ (x31¯)βα˙(
x3¯1
2 x1¯3
2
)2 1x3¯22q
X˜ β˙β3(
X 23
)2 (5.7a)
= − iA
1
x1¯2
2qx3¯1
2q
X¯1αα˙
X¯1
2(q−1)
. (5.7b)
where (5.7b) follows directly or from (3.36) with the general result (3.37) using a = a¯ = −32
and taking tα˙α(X) = iA X˜α˙α/(X2)2. This satisfies the hermeticity condition tα˙α(X)† =
tα˙α(−X¯). From the definition of X¯1 in (2.45), (5.7b) clearly depends only on z2+, z3− as
required from the form of the l.h.s. With the aid of (5.7a, b) we may easily find the leading
contribution to the operator product expansion for the supercurrent and a chiral scalar
field,
Tαα˙(z1)φ(z2+) ∼ i
A
Cφ
(x21¯)αα˙(
x1¯22
)2 φ(z2+) . (5.8)
To obtain the corresponding Ward identity we may take from (4.24) with (4.20)
δhφ =
1
4 i D¯
2
(
LαDαφ
)
− q 112 i (D¯
2DαL
α)φ , (5.9)
and using this in (4.22) gives
˜¯D1
α˙〈Tαα˙(z1)φ(z2+)φ¯(z3−)〉
= 23 iq D1αδ
6
+(z1 − z2) 〈φ(z2+)φ¯(z3−)〉+ 2i δ
6
+(z1 − z2)D2α〈φ(z2+)φ¯(z3−)〉 ,
(5.10)
11 A similar but not apparently identical form was given in [12], see also [22].
25
where the chiral delta function is
δ6+(z1 − z2) = δ
4(x1+ − x2+) θ12
2 . (5.11)
In the next section we show how (5.7a) satisfies the condition that the r.h.s. of (5.10) is
zero for z1 6= z2. The delta functions appearing in the Ward identity (5.10) arise from the
singularities in (5.7a, b) for z1 ∼ z2. The first term on the r.h.s. of (5.10) is thus generated
from the leading singular term in the operator product expansion (5.8). The action of the
derivative may be calculated by
˜¯D1
α˙ (x21¯)αα˙
x1¯2
2λ
= 4i(2− λ)
1
x1¯2
2λ
(θ˜12)α −→
λ→2
4π2δ4(x1¯2)(θ˜12)α = 2π
2D1αδ
6
+(z1 − z2) , (5.12)
using the result that, as as distribution on R4, (x2)−λ has a pole as λ→ 2 with a residue
which is proportional to δ4(x). Using (5.12) with (5.8) in (5.10) we must then require for
consistency
A
Cφ
=
1
3π2
q . (5.13)
Thus the Ward identity determines completely the overall coefficient of the three point
function (5.7a, b) involving chiral scalar fields and the supercurrent.
6. Ward Identities and Correlation Functions
If the general results of section 3 are applied to correlation functions involving the
current superfield L or the supercurrent Ta then it is in general necessary to impose
restrictions in order to satisfy the conservation equations (3.12) and (4.21) at non coincident
points. Furthermore the Ward identities (4.3) and (4.22) lead to relations between a three
point function containing L or Ta and the associated two point function without them, as
exemplified in (5.13).
To obtain simple results for the action of derivatives on three point functions we first
exhibit how covariant spinor derivatives act on functions of X3,Θ3, Θ¯3 by writing the
conformally covariant formulae
˜¯D1
α˙f(X3,Θ3, Θ¯3) = − i
1
x3¯1
2
(x˜1¯3)
α˙αD3αf(X3,Θ3, Θ¯3) ,
D1αf(X3,Θ3, Θ¯3) = − i
1
x1¯3
2
(x13¯)αα˙
˜¯D3
α˙f(X3,Θ3, Θ¯3) ,
(6.1)
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where, for X3,Θ3, Θ¯3 −→ X,Θ, Θ¯ and D3, D¯3 −→ D, D¯,
Dα =
∂
∂Θα
− 2i(σaΘ¯)α
∂
∂Xa
, D¯α˙ = −
∂
∂Θ¯α˙
. (6.2)
With these definitions and from the relation (2.50) X¯ = X + 2iΘσΘ¯ it is easy to verify
that DαX¯a = 0 which is in accord with (6.1) since D¯1α˙X¯3 = 0. From (6.1) we may then
find
˜¯D1
α˙
(
1
(x1¯3
2)2
(x31¯)αα˙F
α(X3,Θ3, Θ¯3)
)
= − i
1
x3¯1
2 x1¯3
2
D3αF
α(X3,Θ3, Θ¯3) ,
D˜1
α
(
1
(x3¯1
2)2
(x13¯)αα˙F¯
α˙(X3,Θ3, Θ¯3)
)
= − i
1
x3¯1
2 x1¯3
2
D¯3α˙F¯
α˙(X3,Θ3, Θ¯3) ,
(6.3)
and also
D¯1
2
(
1
x1¯3
2
f(X3,Θ3, Θ¯3)
)
=
1
(x3¯1
2)2
D3
2f(X3,Θ3, Θ¯3) , (6.4)
with a similar formula involving D1
2.
With these results it is straightforward to check that (5.7a) satisfies the requirement
from (5.10) that ˜¯D1
α˙, D˜1
α〈Tαα˙(z1)φ(z2+)φ¯(z3−)〉 = 0 at least for z1 6= z2, z3 since applying
(6.3) in this case requires only that
Dα
X˜α˙α
(X2)2
= 0 , D¯α˙
X˜α˙α
(X2)2
= 0 , (6.5)
which are easily verified.
We now apply the general result to the three point function for the internal symmetry
current scalar superfield Li, where i is a group index. Applying (3.31), with qL = q¯L = 1,
gives
〈Li(z1)Lj(z2)Lk(z3)〉 =
1
x3¯1
2 x1¯3
2 x3¯2
2 x2¯3
2
tijk(X3, X¯3) , (6.6)
and tijk(X, X¯) is homogeneous
tijk(ρX, ρX¯) = ρ
−2tijk(X, X¯) , (6.7)
and satisfies the symmetry relations
tijk(X, X¯) = tjik(−X¯,−X) = tjki(X
I , X¯I) . (6.8)
Applying the conservation equation (3.12) leads from (6.4) to
D2tijk(X, X¯) = D¯
2tijk(X, X¯) = 0 . (6.9)
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The solution of these conditions is straightforward12
tijk(X, X¯) = Cf ifijk
(
1
X2
−
1
X¯2
)
+ Cd dijk
(
1
X2
+
1
X¯2
)
, (6.10)
where fijk, dijk are totally antisymmetric, symmetric group tensors.
We analyse first the contribution involving fijk when (6.6) and (6.10) give
〈Li(z1)Lj(z2)Lk(z3)〉f = Cf ifijk
(
1
x1¯3
2 x3¯2
2 x2¯1
2
−
1
x3¯1
2 x2¯3
2 x1¯2
2
)
. (6.11)
To obtain Ward identities we assume that under infinitesimal group transformations as
considered in (4.2),(4.3)
δǫ,ǫ¯Li = −fijk
1
2 (ǫj + ǫ¯j)Lk + i(ǫj − ǫ¯j)Kij . (6.12)
and then (4.3), assuming 〈KijLk〉 = 0, gives
1
4D¯1
2〈Li(z1)Lj(z2)Lk(z3)〉
+ 12fijℓδ
6
+(z1 − z2)〈Lℓ(z2)Lk(z3)〉+
1
2fikℓδ
6
+(z1 − z3)〈Lj(z2)Lℓ(z3)〉 = 0 ,
(6.13)
with a similar equation involving D1
2. From (3.41) we may take
〈Li(z1)Lj(z2)〉 = CL δij
1
x2¯12 x1¯22
, (6.14)
and using the counterpart to (5.12),
D¯1
2 1
x1¯2
2
= −i16π2δ6+(z1 − z2) , (6.15)
it is easy to see that (6.11) is compatible with (6.13) and (6.14) if
8π2Cf = CL . (6.16)
The part of the three point function involving dijk may be written as
〈Li(z1)Lj(z2)Lk(z3)〉d = Cd dijk
(
1
x1¯3
2 x3¯2
2 x2¯1
2
+
1
x3¯1
2 x2¯3
2 x1¯2
2
)
− 4π2iCd dijk
(
δ8(z1 − z2)
1
x3¯2
2x2¯3
2
+ δ8(z2 − z3)
1
x1¯3
2x3¯1
2
+ δ8(z3 − z1)
1
x2¯1
2x1¯2
2
)
,
(6.17)
12 This demonstrates that N = 1 superconformal invariance leads to unique totally sym-
metric or antisymmetric expressions for the three point functions of conserved currents, as was
conjectured earlier [23].
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with
δ8(z1 − z2) = δ
4(x1 − x2) θ12
2 θ¯12
2 . (6.18)
Since −14D¯1
2δ8(z1−z2) = δ6+(z1−z2), the chiral δ-function defined in (5.11), the second line
of (6.17) removes terms involving a single delta function from D¯1
2〈Li(z1)Lj(z2)Lk(z3)〉d,
such as were present in (6.13). The potentiality of introducing such contact terms to impose
the conservation equations is a reflection of the ambiguities in the precise definition of this
three point function as a distribution arising from the singular behaviour at coincident
points.
A more careful consideration reveals the supersymmetric counterpart of the well known
axial anomalies when calculating the action of D¯1
2 on (6.17). To demonstrate the necessary
presence of such anomalies in the present formalism and to determine their form we make
use of the representation (3.16) to impose the conservation equations (3.12) trivially at
z1, z2. Thus, suppressing group indices so that dijk → 1,
〈L(z1)L(z2)L(z3)〉 = D˜2
βD˜1
αΓαβ(z1+, z2+, z3) + Γloc(z1, z2, z3) , (6.19)
where Γloc(z1, z2, z3) is a purely local contact term which is necessary to ensure that the rep-
resentation for the three point function for L in (6.19) is symmetric. Assuming supercon-
formal invariance Γαβ(z1+, z2+, z3) = −Γβα(z2+, z1+, z3) is then determined by requiring
it to be a three point function of the general form in (3.31) with q1 = q2 =
3
2
, q¯1 = q¯2 = 0
which gives in this case
Γαβ(z1+, z2+, z3) = Cd
(x13¯)αα˙ (x23¯)ββ˙(
x3¯1
2 x3¯2
2
)2 εα˙β˙ Θ¯3
2
2X3
2 ,
Θ¯3
2
X3
2 =
Θ¯3
2
X¯3
2 . (6.20)
The overall coefficient is chosen so that, using (6.3), (6.19) gives the symmetric form
〈L(z1)L(z2)L(z3)〉 = Cd
(
1
x1¯3
2 x3¯2
2 x2¯1
2
+
1
x3¯1
2 x2¯3
2 x1¯2
2
)
, (6.21)
at non coincident points. The singularities which appear in the expression (6.20) for
Γαβ(z1+, z2+, z3) at coincident points are integrable and hence possible ambiguities pro-
portional to derivatives of δ-functions, which arise for (6.21), are not present. By its
construction the representation (6.19) ensures that anomalies arising from the first term
on the r.h.s. are confined to the action of D¯3
2 and D3
2. To obtain the anomalies explicitly
it is convenient to rewrite (6.20) in the alternative form (3.36)
Γαβ(z1+, z2+, z3) = −Cd
(x21¯)ββ˙(
x1¯2
2
)2 1x1¯32 x3¯12 ε
α˙β˙ X¯1αα˙
Θ¯1
2
2
(
X¯ 21
)2 , (6.22)
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so that, using the analogous result to (6.4) for D3
2, reduces calculating the action of D3
2
to D¯12Θ¯12 = −4 and hence
D3
2Γαβ(z1+, z2+, z3) = −2Cd
(x13¯)αα˙ (x23¯)ββ˙(
x3¯1
2 x3¯2
2
)2 εα˙β˙ . (6.23)
With the aid of
D˜1
α (x13¯)αα˙(
x3¯12
)2 = 2π2D¯1α˙δ6−(z1 − z3) , (6.24)
and similarly for D˜2
β , (6.19) gives
D3
2
(
D˜2
βD˜1
αΓαβ(z1+, z2+, z3)
)
= 8π4Cd D¯1α˙δ
6
−(z1 − z3)
˜¯D2
α˙δ6−(z2 − z3) . (6.25)
A similar calculation for D¯3
2Γαβ(z1+, z2+, z3) naively gives zero but in this case it is
necessary to be more careful in the treatment of singularities at coincident points. If we
modify (6.19) to
Γαβ(z1+, z2+, z3)λ1,λ2 = Cd
(x13¯)αα˙ (x23¯)ββ˙
x3¯1
2(2+λ1) x3¯2
2(2+λ2)
εα˙β˙
Θ¯3
2
2X3
2 , (6.26)
then
D¯3
2Γαβ(z1+, z2+, z3)λ1,λ2 = 8Cd(λ1 + λ2)(λ1 + λ2 + 1)θ13
2θ23
2 (x13)αα˙(x23)ββ˙ ε
α˙β˙
x12
2x13
2(2+λ1)x23
2(2+λ1)
,
(6.27)
where here x12 = x1+ − x2+. As λ1, λ2 → 0 the factor on the r.h.s. of (6.27) depending
on x12, x13, x23 generates a pole in λ1 + λ2 with a residue ∝ δ4(x13)δ4(x23) so that
D¯3
2Γαβ(z1+, z2+, z3) = 8π
4Cd εαβ δ
6
+(z1 − z3)δ
6
+(z2 − z3) , (6.28)
and hence, similar to (6.25),
D¯3
2
(
D˜2
βD˜1
αΓαβ(z1+, z2+, z3)
)
= 8π4Cd D˜1
αδ6+(z1 − z3)D2αδ
6
+(z2 − z3) . (6.29)
To obtain a suitable expression for Γloc(z1, z2, z3) we first define
16f(z1, z2, z3)
= D¯3α˙δ
8(z3 − z1)D3
2 ˜¯D3
α˙δ8(z3 − z2) + D˜3
α
(
δ8(z3 − z1) D¯3
2D3αδ
8(z3 − z2)
)
= D¯3α˙
(
δ8(z3 − z1)D3
2 ˜¯D3
α˙δ8(z3 − z2)
)
+ D˜3
αδ8(z3 − z1) D¯3
2D3αδ
8(z3 − z2) .
(6.30)
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which has the properties
D3
2f(z1, z2, z3) = D¯1α˙δ
6
−(z1 − z3)
˜¯D2
α˙δ6−(z2 − z3) ,
D¯3
2f(z1, z2, z3) = D˜1
αδ6+(z1 − z3)D2αδ
6
+(z2 − z3) ,
D2
2f(z1, z2, z3) = D¯2
2f(z1, z2, z3) = 0 , f(z1, z2, z3) = −f(z3, z2, z1) .
(6.31)
If we take
Γloc(z1, z2, z3) = −
8
3
π4Cd
(
f(z1, z2, z3) + f(z2, z1, z3)
)
, (6.32)
then (6.31) and (6.25), (6.29) give
D3
2〈L(z1)L(z2)L(z3)〉 =
8
3π
4Cd D¯1α˙δ
6
−(z1 − z3)
˜¯D2
α˙δ6−(z2 − z3) ,
D¯3
2〈L(z1)L(z2)L(z3)〉 =
8
3
π4Cd D˜1
αδ6+(z1 − z3)D2αδ
6
+(z2 − z3) ,
(6.33)
and also the corresponding results required by symmetry of 〈L(z1)L(z2)L(z3)〉.
If an external real superfield V is coupled to L through an additional term in the
action SV = 2
∫
d8z LV then the results in (6.33) can be summarised through the operator
equations
D¯2〈L〉V = −
16
3
π4CdW
2 , D2〈L〉V = −
16
3
π4CdW
2 , (6.34)
whereW,W are as in (4.27). For the associated current Ja, defined by Jαα˙ = −
1
2 [Dα, D¯α˙]L,
then (6.33) gives
∂a〈J
a〉V =
1
16
i[D2, D¯2]〈L〉V = −
1
3
π4Cdi (D
2W 2 − D¯2W 2) , (6.35)
which reduces to the standard form for the anomaly of the axial current in a U(1) gauge
field background.
7. Supercurrent Correlation Functions
We here apply the general results of section 3 to a couple of particular non trivial
cases involving the supercurrent. First we consider the three point function involving two
supercurrents and a scalar superfield with q = q¯. Adapting the general form (3.31) to this
case we have
〈Tαα˙(z1)Tββ˙(z2)O(z3)〉 =
(x13¯)αγ˙ (x31¯)γα˙ (x23¯)βδ˙ (x32¯)δβ˙(
x3¯1
2 x1¯3
2 x3¯2
2 x2¯3
2
)2 tγ˙γ,δ˙δ(X3, X¯3) . (7.1)
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It remains to determine the form of tab(X, X¯) =
1
4
(σa)αα˙(σb)ββ˙t
α˙α,β˙β(X, X¯), using 4-
vector notation for convenience, which is homogeneous of degree 2(q − 3). From the
invariance of (7.1) under z1 ↔ z2, when X3 ↔ −X¯3, and αα˙ ↔ ββ˙ this satisfies the
symmetry condition
tab(X, X¯) = tba(−X¯,−X) , (7.2)
and also the reality constraint
tab(X, X¯)
∗ = tab(X¯,X) . (7.3)
A general form compatible with (7.2) and (7.3) is
tab(X, X¯) =
ηab
(X ·X¯)3−q
(
A+B
P 2
X ·X¯
)
+X(aX¯b)
1
(X ·X¯)4−q
(
C +D
P 2
X ·X¯
)
+E iǫabcdX
cX¯d
1
(X ·X¯)4−q
,
(7.4)
where A,B,C,D,E are real coefficients and we have defined
X¯a −Xa = iPa , PaPb =
1
4 ηabP
2 , P 2 = −8Θ2Θ¯2 . (7.5)
Using the results in (6.3) and (6.2) the conservation equation following from applying ˜¯D1
α˙
to (7.1) leads to
Θσcσ˜a
∂
∂X¯c
tab(X, X¯) = 0 . (7.6)
The terms resulting from (7.6) which are O(P 0) give
C = −
3− q
3
2 − q
A , E = −12(1− q)C , (7.7)
while, using ΘP 2 = 0 and ΘPa = Θ
2 ˜¯Θσ˜a, the O(P ) terms determine B and D,
B = 18 (3− q)(4− q)A , D =
1
8(3− q)(4− q)C . (7.8)
The remaining conservation equations follow automatically as a consequence of the symme-
try and reality conditions (7.2) and (7.3). Thus the three point function (7.1) is uniquely
determined up to an overall constant although there are no Ward identities in this case
which allow the constant to be determined.
It is also convenient to rewrite the result (7.1) in the form given by (3.36) so that
〈Tαα˙(z1)Tββ˙(z2)O(z3)〉 = −
(x21¯)βγ˙ (x12¯)γβ˙(
x1¯2
2 x2¯1
2
)2 1(x3¯22 x1¯32)q t˜αα˙,
γ˙γ(X1, X¯1) . (7.9)
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To obtain t˜ab(X, X¯) we first use (3.35) with the result (3.26) for X
I , X¯I and det I = −1
to give
t¯ab(X
I , X¯I) = Ia
c(X¯,X)Ib
d(X¯,X) tcd(X, X¯) = tab(X, X¯) , (7.10)
and then applying (3.37)
t˜ab(X, X¯) =
1
(X2X¯2)q−
3
2
Icb(X¯,X) tac(X, X¯) . (7.11)
Using the explicit form for Iab,
Iab(X¯,X) =
1
(X2X¯2)
1
2
(
ηabX ·X¯ − 2X(aX¯b) − iǫabcdX
cX¯d
)
, (7.12)
and
1
(X2X¯2)ρ
=
1
(X ·X¯)2ρ
(
1 + 34ρ
P 2
X ·X¯
)
, (7.13)
we find that if
t˜ab(X, X¯) =
ηab
(X ·X¯)q
(
A˜+ B˜
P 2
X ·X¯
)
+X(aX¯b)
1
(X ·X¯)q+1
(
C˜ + D˜
P 2
X ·X¯
)
+ E˜ iǫabcdX
cX¯d
1
(X ·X¯)q+1
,
(7.14)
then (7.11) implies
A˜ = A , C˜ = −C − 2A = −
q
q − 3
2
A , E˜ = E − A = 1
2
(q − 2)C˜ , (7.15)
and
B˜ = B + 3
4
(q − 1)A+ 1
8
C − 1
2
E = 1
8
q(q + 1)A ,
D˜ = −D − 1
4
(3q − 2)C − 2B − 3
2
(q − 1)A+ 1
2
E = 1
8
q(q + 1)C˜ .
(7.16)
The results (7.15) and (7.16) are similar in form to (7.7) and (7.8) with q ↔ 3− q which
is necessary for the analogous conservation equation to (7.6) to be satisfied by t˜ab(X, X¯).
When q = 0, t˜ab = Aηab, or t˜αα˙
β˙β = −2Aδαβδβ˙α˙, and (7.9) reduces to the form in (3.43),
as expected since O is then the identity operator. We may also verify that (7.14), with
B˜, D˜ determined by (7.16), obeys D2t˜ab(X, X¯) = −4Θ¯2∂X2t˜ab(X, X¯) = 0 which, for q = 1
and using the corresponding equation to (6.4), ensures that (7.9) satisfies the conservation
equations in (3.12) which become necessary if we let O → L.
Using the general formula (3.40) the results for the three point function (7.1) are
equivalent to determination of the coefficient of the contribution of the scalar superfield O
to the operator product expansion of two supercurrents
Ta(z1)Tb(z2) ∼
1
CO
t¯ab(x21¯, x2¯1)O(z2) , (7.17)
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where t¯ab is defined by (7.10) and is given by the same solution of the constraints as tab
but with E → −E.
Following a similar analysis we turn to the more intricate case of the three point
function of the supercurrent by itself.13 The general result (3.31) now requires
〈Tαα˙(z1)Tββ˙(z2)Tγγ˙(z3)〉 =
(x13¯)αǫ˙ (x31¯)ǫα˙ (x23¯)βη˙ (x32¯)ηβ˙(
x3¯1
2 x1¯3
2 x3¯2
2 x2¯3
2
)2 tǫ˙ǫ,η˙η,γγ˙(X3, X¯3) , (7.18)
where it remains to determine tabc(X, X¯) = −
1
8
(σa)αα˙(σb)ββ˙(σ˜c)
γ˙γtα˙α,β˙β,γγ˙(X, X¯), which
is homogeneous of degree −3. As well as Pa given by (7.5) it is convenient to define also
Qa =
1
2
(X¯a +Xa) , (7.19)
so that under inversion following (3.26) they transform as
Qa
I = Ia
b(X¯,X)Qb = −Qa , Pa
I = Ia
b(X¯,X)Pb = Pa − 2
Q·P
Q2
Qa (7.20)
Assuming the symmetry condition
tabc(X, X¯) = tbac(−X¯,−X) , (7.21)
we can write a general expression, depending on 9 coefficients, for it as
tabc(X, X¯) =
1
(X ·X¯)2
ǫabcdQ
d
(
A+B
P 2
X ·X¯
)
+
1
(X ·X¯)2
ηab
(
CPc +D
P ·Q
(X ·X¯)
Qc
)
+
1
(X ·X¯)2
(
EP(a + F
P ·Q
(X ·X¯)
Q(a
)
ηb)c +
1
(X ·X¯)3
QaQb
(
GPc +H
P ·Q
(X ·X¯)
Qc
)
+
1
(X ·X¯)3
J
(
QaPb +QbPa
)
Qc . (7.22)
From (3.35) we let
t′abc(X, X¯) = t¯abc(X
I , X¯I) = Ia
e(X¯,X)Ib
f (X¯,X)Ic
g(X¯,X) tefg(X, X¯) , (7.23)
where, using (7.20), t¯abc(X, X¯) = tbac(X, X¯) and t
′
abc(X, X¯) has the same form as
tabc(X, X¯) in (7.22) but with
(A′, B′, C′, E′, G′, J ′) = (A,B,C,E,G, J) ,
D′ = −D − 2C , F ′ = −F − 2E , H ′ = −H − 2G− 4J .
(7.24)
13 This case was also investigated in [10] but with different conclusions.
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Since the three point function in (7.18) is totally symmetric we must now impose, in
addition to (7.21), by virtue of (3.36) and (3.37),
tbca(X, X¯) = I
e
b(X¯,X)t
′
aec(X, X¯) . (7.25)
By explicit calculation
Ieb(X¯,X)t
′
aec(X, X¯) =
1
(X ·X¯)2
ǫabcdQ
d
(
A′ +
(
B′ + 14A
′ − 14C
′ + 18E
′
) P 2
X ·X¯
)
+
1
(X ·X¯)2
(
(C′ −A′)ηabPc +
1
2E
′ηacPb + (A
′ + 12E
′)ηbcPa
)
+
1
(X ·X¯)3
P ·Q
(
(A′ +D′)ηabQc − (E
′ + 12F
′)ηacQb − (A
′ − 12F
′)ηbcQa
)
+
1
(X ·X¯)3
(
(A′ − 2C′ −G′)QaQbPc + J
′QaQcPb − (A
′ + E′ + J ′)QbQcPa
)
−
1
(X ·X¯)4
P ·QQaQbQc
(
2D′ + F ′ +H ′ + 2J ′
)
, (7.26)
and then, using (7.24), it is easy to read off the conditions necessary to satisfy (7.25)
E = 2(C − A) , G+ J = D + 1
2
F = A− 2C . (7.27)
For the conservation equations it is sufficient to impose just
Θσeσ˜a
∂
∂X¯e
tabc(X, X¯) = 0 . (7.28)
Inserting (7.22) the equations split into those which are O(P 0),
E = 2(C −A) , F = −2C − 5E , G = −2A+ 12F , J = 2A+D , H = −2G− 6J ,
(7.29)
and also those which arise from terms which are O(P ),
4C +D+ 6E + 32F +G+ J = 0 , H = 4E + F − 2J , 8B = 4A− 4E − F − J . (7.30)
In fact (7.29) and (7.30) together imply (7.27) and there remain two independent param-
eters which may be taken as A,C so that we may determine
B = 12A ,
1
2D = E = 2(C − A) , F = 10A− 12C , G =
1
2H = −
3
2J = 3(A− 2C) .
(7.31)
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In consequence there are two linearly independent superconformal covariant forms for the
three point function for the supercurrent (7.18). In contrast for the three point function of
the energy momentum tensor in conformal field theories there are in general three linearly
independent forms [7,8].
The result (7.22) with (7.31) is not very transparent but it can be recast more simply
as
tabc(X, X¯) = τabc(X, X¯) + τbac(−X¯,−X) , (7.32)
where
τabc(X, X¯) = −
1
2 iA
1
(X2)2
(
Xaηbc +Xbηac −Xcηab + iǫabcdX
d
)
+ 12(2C − A)
1
(X2)3
(
2(XaPb + PaXb)Xc − 3XaXbPc − 6
P ·X
X2
XaXbXc
− P ·X
(
3(Xaηbc +Xbηac)− 2Xcηab
)
+ 1
2
X2
(
Paηbc + Pbηac + Pcηab
))
.
(7.33)
As in previous cases we may relate the results for the three point function to the
relevant coefficient in an associated operator product expansion
Tαα˙(z1)Tββ˙(z2) ∼ −
1
2CT
t¯αα˙,ββ˙
γ˙γ(x21¯, x2¯1) Tγγ˙(z2) , (7.34)
with, from (7.23), t¯αα˙,ββ˙
γ˙γ(X, X¯) = (σa)αα˙(σ
b)ββ˙(σ˜
c)γ˙γtbac(X, X¯). Explicitly, with a
similar decomposition to (7.32),
τ¯αα˙,ββ˙
γ˙γ(X, X¯) = 2iA
1
(X2)2
Xβα˙ δα
γδγ˙β˙
+ 1
2
(2C − A)
1
(X2)3
(
2
(
Xαα˙Pββ˙ +Pαα˙Xββ˙
)
X˜γ˙γ − 3Xαα˙Xββ˙
(
P˜γ˙γ + 2
P ·X
X2
X˜γ˙γ
)
+ 2
(
P ·X Xαα˙ −X
2Pαα˙
)
δβ
γδγ˙β˙ + 2
(
P ·X Xββ˙ −X
2Pββ˙
)
δα
γδγ˙α˙
+
(
4P ·X Xαβ˙ +X
2Pαβ˙
)
δβ
γδγ˙α˙ +
(
4P ·X Xβα˙ +X
2Pβα˙
)
δα
γδγ˙β˙
)
.
(7.35)
The terms in (7.35) with coefficient 2C−A have an O(X−4) singularity but closer analysis
shows that (X2)−λτ¯αα˙,ββ˙
γ˙γ(X, X¯) has no pole as λ → 0 so this is integrable. The con-
struction of tabc(X, X¯) guarantees that τ¯αα˙,ββ˙
γ˙γ(x21¯, x2¯1)+ τ¯ββ˙,αα˙
γ˙γ(−x2¯1,−x21¯) satisfies
the constraints obtaining from the conservation equations (4.21) for z1 6= z2 (in (7.35)
P → −2θ21σθ¯21 for this case). To take account of singularities at z1 = z2 we first note
that
D˜1
ατ¯αα˙,ββ˙
γ˙γ(x21¯, x2¯1) = 0 ,
˜¯D2
β˙ τ¯αα˙,ββ˙
γ˙γ(x21¯, x2¯1) = 0 , (7.36)
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without any δ-function contributions. However calculating the action of ˜¯D1
α˙ requires a
more careful treatment. Modifying the singularity in (7.35) as in (5.12) we find
˜¯D1
α˙
( 1
x1¯2
2λ
τ¯αα˙,ββ˙
γ˙γ(x21¯, x2¯1)
)
= 8Aλ
1
(x1¯2
2)2+λ
(θ˜12)β δα
γδγ˙β˙
− 20i(2C −A)λ
θ12
2
(x1¯22)3+λ
(
(x21¯θ¯12)βδα
γδγ˙β˙ + (x21¯)αβ˙δβ
γ(θ¯12)
γ˙
+
1
x1¯2
2
(x21¯θ¯12)α(x21¯)ββ˙(x˜1¯2)
γ˙γ
)
.
(7.37)
Taking the limit λ→ 0 then reveals the local contributions with support when z1 = z2
˜¯D1
α˙τ¯αα˙,ββ˙
γ˙γ(x21¯, x2¯1) = 8π
2iA (θ˜12)βδ
4(x21¯)δα
γδγ˙β˙
− 403 π
2(2C − A) θ12
2δ(α
γ∂2β)(β˙δ
4(x21¯)δ
γ˙
δ˙)(θ¯12)
δ˙
= 4π2iAD1βδ
6
+(z1 − z2)δα
γδγ˙β˙ +
20
3
π2(2C −A) δ(α
γ∂1β)(β˙δ
γ˙
δ˙)
˜¯D1
δ˙δ8(z1 − z2) . (7.38)
A similar result may also be derived for D˜2
β τ¯αα˙,ββ˙
γ˙γ(x21¯, x2¯1).
The association of the supercurrent with superconformal transformations allows the
derivation of Ward identities which constrain one linear combination of the parameters
in tabc. To derive these from (4.22) we need to define δh,h¯Ta. In the superconformal
case, given by (2.7), this must reduce to the particular case of (3.1) appropriate for the
supercurrent and therefore, based on particular examples, we postulate the form14
δh,h¯Tαα˙ = −
(
1
2(h
a + h¯a)∂a + λ
αDα +
˜¯λα˙
˜¯Dα˙ + 3(σh + σ¯h¯)
)
Tαα˙
+ ωhα
βTβα˙ −Tαβ˙ ω¯h¯
β˙
α˙ +
(
D(h− h¯)
)I
αα˙OI ,
(7.39)
where D represents the action of various derivatives and OI are a basis of superfield op-
erators in the theory. These terms are model dependent, the results for free theories are
given in an appendix. Nevertheless the fields which contribute may include the supercur-
rent itself so that these terms are relevant for Ward identities applied to the three point
function of the supercurrent by itself. Using the prepotentials given in (4.20) we have
ωhα
β − 3δα
βσh = −
1
4 i D¯
2DαL
β , ω¯h¯
β˙
α˙ + 3δ
β˙
α˙ σ¯h¯ = −
1
4 iD
2D¯α˙L¯
β˙ , (7.40)
we may obtain from (4.22)
˜¯D1
α˙〈Tαα˙(z1)Tββ˙(z2) . . .〉
=
(
2iD1βδ
6
+(z1 − z2)δα
γδγ˙β˙ +
˜¯D1
α˙χαα˙,ββ˙
γ˙γ(z12)
)
〈Tγγ˙(z2) . . .〉+ . . . ,
D˜1
α〈Tαα˙(z1)Tββ˙(z2) . . .〉
=
(
2iD¯1β˙δ
6
−(z1 − z2)δβ
γδγ˙α˙ + D˜1
αχαα˙,ββ˙
γ˙γ(z12)
)
〈Tγγ˙(z2) . . .〉+ . . . ,
(7.41)
14 For an alternative approach see [24].
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where additional terms representing contributions from other operators in the correlation
function and also less singular terms, involving derivatives of Tγγ˙(z2), are not shown.
The terms involving χαα˙,ββ˙
γ˙γ(z12), where z12 is defined in (2.33) and which is restricted
to be a linear combination constructed from D¯δ˙Dδδ
8(z1 − z2) = −4 δ4(x12¯)θ˜12δ
˜¯θ12δ˙ and
DδD¯δ˙δ
8(z1 − z2) = 4 δ4(x1¯2)θ˜12δ
˜¯θ12δ˙, arise from the model dependent h− h¯ contributions
in (7.39). However such terms may also be viewed as a reflection of the arbitrariness of
the operator product coefficient t¯αα˙,ββ˙
γ˙γ(x21¯, x2¯1) in (7.34) up to purely local δ-function
contributions and in consequence it is therefore possible to redefine it so as to remove the
χαα˙,ββ˙
γ˙γ(z12) terms from (7.41).
To apply the results in (7.36) and (7.38) to the Ward identity we first introduce
hαα˙,ββ˙
γ˙γ(z12) = hββ˙,αα˙
γ˙γ(z21)
= [Dα, D¯α˙]δ
8(z1 − z2) δβ
γδγ˙β˙ + [Dβ , D¯β˙]δ
8(z1 − z2) δα
γδγ˙α˙
− 2[Dα, D¯β˙]δ
8(z1 − z2) δβ
γδγ˙α˙ − 2[Dβ , D¯α˙]δ
8(z1 − z2) δα
γδγ˙β˙
+ 6i
(
∂βα˙δ
8(z1 − z2) δα
γδγ˙β˙ − ∂αβ˙δ
8(z1 − z2) δβ
γδγ˙α˙
)
,
(7.42)
which satisfies
˜¯D1
α˙hαα˙,ββ˙
γ˙γ(z12) = 12D1βδ
6
+(z1 − z2) δα
γδγ˙β˙ − 8iδ(α
γ∂1β)(α˙δ
γ˙
β˙)
˜¯D1
α˙δ8(z1 − z2) ,
D˜1
αhαα˙,ββ˙
γ˙γ(z12) = 12D¯1β˙δ
6
−(z1 − z2) δβ
γδγ˙α˙ + 8iδ(α
γ∂1β)(α˙δ
γ˙
β˙)D˜1
αδ8(z1 − z2) .
(7.43)
Redefining the operator product coefficient in (7.34) to be
t¯αα˙,ββ˙
γ˙γ(x21¯, x2¯1) = τ¯αα˙,ββ˙
γ˙γ(x21¯, x2¯1) + τ¯ββ˙,αα˙
γ˙γ(−x2¯1,−x21¯)
− 56π
2i(2C −A) hαα˙,ββ˙
γ˙γ(z12) ,
(7.44)
we then obtain
˜¯D1
α˙t¯αα˙,ββ˙
γ˙γ(x21¯, x2¯1) = 2π
2i
(
2A− 5(2C −A)
)
D1βδ
6
+(z1 − z2) δα
γδγ˙β˙ . (7.45)
The additional term in (7.44) is equivalent to setting χαα˙,ββ˙
γ˙γ(z12) = 0 in (7.41) and
hence, using (7.45), we therefore find from the Ward identity the constraint
π2(10C − 7A) = 2CT . (7.46)
Thus the general superconformal three point function for the supercurrent contains one
new parameter beyond the coefficient CT for the two point function.
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8. Free Fields
The trivial realisations of superconformal field theories are given by free fields, i.e. for
the chiral scalar superfield theory defined by the action (4.23) or the abelian gauge theory
described by (4.27). As a consistency check we give the reduction of some of our general
results to these cases. From (4.23) the two point function is easily found,
〈φ(z1+)φ¯(z2−)〉 =
1
4π2x2¯12
. (8.1)
For gauge superfield V , and with covariant gauge fixing parameterised by ξ, the normali-
sations in (4.27) require
〈V (z1)V (z2)〉 =
1
16π2
((
1−
1
ξ
)
ln y12
2 −
(
1 +
1
ξ
) 1
y122
θ12
2θ¯12
2
)
, (8.2)
where y12 is given by (2.33). With the definitions in (4.27) we may then show that
〈Wα(z1+)W α˙(z2−)〉 = i
(x12¯)αα˙
2π2(x2¯12)
2 , (8.3)
while 〈Wα(z1+)Wβ(z2+)〉 = 0. Clearly (8.1) and (8.3) are in accord with the general
superconformal expression (3.30).
With these results and the explicit forms (4.26) and (4.32) we may evaluate the coef-
ficient of the two point function for the supercurrent, defined by (3.43), directly to be
CT,φ =
1
6π4
, CT,V =
1
2π4
. (8.4)
The form required by (3.43) is trivial to obtain in the V case, using (8.3), but emerges in
the φ case after lengthy calculation. To obtain the coefficients in the supercurrent three
point function it is sufficient to find the leading contributions to the operator product
Tαα˙(z1)Tββ˙(z2). This is easy in the V case since it is evident from (4.32) and (8.3) that
the first operator term in the short distance expansion is the supercurrent itself. This then
gives
AV = 2CV = −
1
π2
CT,V . (8.5)
In the operator product expansion for two supercurrents formed from free chiral fields, as
in (4.26), the leading term is φφ¯ and it is necessary to remove this and its derivatives after
using Taylor expansions in the form
φ(z2+) = φ(z1+) + (x21¯·∂1 + θ21
αD1α)φ(z1+) + . . . ,
φ¯(z2−) = φ¯(z1−) + (x2¯1·∂1 + θ¯21
α˙D¯1α˙)φ¯(z1−) + . . . .
(8.6)
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Noting that 1
2
[Dα, D¯α˙]φφ¯ = Dαφ D¯α˙φ¯− i φ
↔
∂αα˙φ¯ we then find
AS =
2
5
CS =
1
9π2
CT,φ . (8.7)
Of course both (8.5) and (8.7) are in accord with the Ward identity (7.46).15
As an example of a current superfield we consider Li = φ¯tiφ for free chiral scalar
superfields where ti are hermitian matrices obeying the Lie algebra [ti, tj] = ifijktk and
we take tr (titj) = Tδij . It is very easy to see that this gives the results (6.14) and (6.11)
for the two and three point functions with
CL =
T
(4π2)2
, Cf =
T
2(4π2)3
. (8.8)
Manifestly these satisfy (6.16). If 12tr ({ti, tj}tk) = dijk then the symmetric form (6.17) is
also given by
Cd =
1
(4π2)3
, (8.9)
and this is appropriate in (6.34) or (6.35) to give the standard one loop anomaly result.
9. Superconformal Integrals
It was realised long ago [25] that integrals such as those appearing in field theoretic
calculations may be significantly simplified in special cases as a consequence of the restric-
tions of conformal invariance. As general discussion was given by Symanzik [26] and we
extend this here to particular superconformal examples.
If we define
xi
2 = (xi+ − 2iθiσθ¯ − x)
2 , (9.1)
then the integrations over anti-chiral superspace we consider here are
SN = i
∫
d4xd2θ¯
N∏
i=1
1
(xi2)
qi ,
∑
i
qi = 3 . (9.2)
15 The results for free fields may be used to relate the parameters A,C for the gen-
eral superconformal supercurrent three point function to those specifying the conformal en-
ergy momentum tensor three point function. In terms of the parameters r, s, t in [7] we have
2r = 29A− 9C, 4s = −45A+ 24C, t = 4A.
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Under a superconformal transformation z → z′, x′i
2 = xi
2/Ω(zi)Ω¯(z), from (2.43), while
the measure d6z′− = d
6z−/Ω¯
3(z) so that the condition on
∑
i qi in (9.2) defines a super-
conformal covariant function. Using the standard result
1
(x2 + iǫ)α
=
e−i
pi
2
α
Γ(α)
∫ ∞
0
dλλα−1eiλx
2
, (9.3)
then we find
SN =
π2∏
i Γ(qi)
∫ ∞
0
∏
i
dλiλi
qi−1
1
Λ2
∫
d2θ¯ e
− 1
Λ
∑
i<j
λiλjX
2
ij , Xij = xi+ − xj+ − 2iθijσθ¯ ,
(9.4)
where Λ =
∑
i λi. Expanding the exponential allows the θ¯ integration to be performed
giving
SN = −
π2∏
i Γ(qi)
∫ ∞
0
∏
i
dλiλi
qi−1
1
Λ2
∑
jk
θjσ·∂j σ˜·∂kθ˜k e
− 1
Λ
∑
i<j
λiλjx
2
ij+ , (9.5)
for xij+ = xi+ − xj+. In (9.4) and (9.5) we have assumed that the integrals are initially
defined in a region where x 2ij+ > 0.
The crucial observation of Symanzik is that in an integral
∫ ∞
0
∏
i
dλiλi
δi−1
1
Λp
e
− 1
Λ
∑
i<j
λiλjuij , uij = uji ,
∑
i
δi = 2p , (9.6)
it is possible to transform Λ to Λ =
∑
i κiλi with arbitrary κi ≥ 0,
∑
κi > 0. This then
allows the choice Λ = λi for some i and the integral, using contour techniques, written in
terms of the conformal invariant cross ratios uijukl/uikujl. For the case i = 1, 2, 3, when
there are no invariants, the integral is easily determined to be
Γ(p− δ1)Γ(p− δ2)Γ(p− δ3)
u p−δ312 u
p−δ1
23 u
p−δ2
31
. (9.7)
There are various alternative ways of writing (9.5) in the desired form. One convenient
representation is
SN =
4π2∏
i Γ(qi)
∫ ∞
0
∏
i
dλiλi
qi−1
1
Λ3
e
− 1
Λ
∑
i<j
λiλjx
2
ij+
×
(∑
jkl
λjλkλl θj xjl+ x˜lk+ θ˜k −
1
2
∑
jk
λjλk x
2
jk+
∑
l
λl θ
2
l
)
,
(9.8)
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which has the form required by (9.6) with p = 3. For N > 3 the integral involves non
trivial functions of superconformal invariants but here we consider just N = 3 when the
result by applying (9.7) is
S3 = −4π
2
∏
i
Γ(2− qi)
Γ(qi)
θ12θ˜13 x
2
23+ + θ23θ˜21 x
2
31+ + θ31θ˜32 x
2
12+
(x 212+)
2−q3(x 223+)
2−q1(x 231+)
2−q2
. (9.9)
It is straightforward to reexpress this in the manifestly superconformal form expected from
(5.5).
10. Superconformal Invariants
For analysis of higher point correlation functions it is necessary to understand what
conformal invariants may occur. For an N -point function depending on zr ∈ R4|4,
r = 1, . . .N we may use supertranslations to set z1 = 0 and then superconformal trans-
formations to set x2 = ∞ (in a suitable compactification) and also θ2, θ¯2 = 0. Super-
conformal invariants are then given by those scalars formed from zr, r = 3 . . .N which
are invariant under the residual symmetry group O(3, 1) × D × U(1)R, where D de-
notes the group of scale transformations. For the xr coordinates we may consider the
1
2 (N − 2)(N − 1)− 1 =
1
2N(N − 3) scalars xr·xs/x3
2, s ≥ r > 3, s > r = 3 and with the
Grassmann coordinates we may define the (N − 2)3 invariants θs xr θ¯t/xr
2. However for
N > 6 the xr are linearly dependent and we may restrict r = 3, 4, 5, 6, giving 4N − 15 c-
number invariants (in this case the ordinary O(4, 2) conformal group is acting transitively)
and 4(N − 2)2 invariants formed from θ, θ¯. When N = 3 there is clearly one Grassmann
invariant which corresponds to J defined in (2.57).
To proceed we extend the definition of X for three points z1, z2, z3 in (2.45) to a
similar expression formed from zr, zs, zt
Xr(st) =
xrs¯ x˜s¯t xtr¯
xs¯r2 xr¯t2
, X¯r(st) = −Xr(ts) , (10.1)
and also, extending (2.47),
Θr(st) = i
(
1
xs¯r2
˜¯θrs x˜s¯r−
1
xt¯r2
˜¯θrt x˜t¯r
)
, Θ¯r(st) = i
(
1
xr¯s2
x˜r¯s θ˜rs−
1
xr¯t2
x˜r¯t θ˜rt
)
. (10.2)
These functions of zr, zs, zt, r 6= s 6= t, transform homogeneously at zr according to (2.46)
and (2.48). Trivially from (10.1) we have
Θr(su) = Θr(st) +Θr(tu) , Θ¯r(su) = Θ¯r(st) + Θ¯r(tu) , (10.3)
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and
Xr(su) = Xr(st) +Xr(tu) − 2iΘr(st)σΘ¯r(tu) . (10.4)
As special case (10.4) reduces for u = s to Xr(st) + Xr(ts) = −2iΘr(st)σΘ¯r(st), which is
equivalent to (2.50).
In the limiting situation considered above, z1 = (0, 0, 0), z2 = (∞, 0, 0), we have
X1(2r) = xr+/x
2
r+, Θ1(2r) = i
˜¯θr x˜r−/x
2
r−, Θ¯1(2r) = −ix˜r+θ˜r/x
2
r+. Hence it is natural
to construct a basis of superconformal invariants in terms of X1(2r), Θ1(2r), Θ¯1(2r) for
r = 3, . . .N . Thus we may define a set of bosonic invariants formed in this fashion, in
which the points z1, z2 play a privileged role, by
ur =
X 21(2r)
X 21(23)
= det
(
X1(23)
−1X1(2r)
)
, r > 3 , (10.5)
and
vrs =
X1(2r) ·X1(2s)
X 21(2r)
= 12 tr
(
X1(2r)
−1X1(2s)
)
, s > r ≥ 3 . (10.6)
The definitions (10.5) and (10.6) are special cases of an extension to the superconformal
case of the usual invariant cross ratios and a related invariant trace given by
urs,tu =
xr¯t
2 xs¯u
2
xr¯u2 xs¯t2
, vrs,tu =
1
2 tr
(
x˜r¯t x˜s¯t
−1x˜s¯u x˜r¯u
−1
)
, (10.7)
since it is easy to see, from the definitions (10.5) and (10.6) together with (10.1), that
ur = u12,3r, vrs = v12,rs. From (10.7) it follows that
urs,tu = usr,ut =
1
usr,tu
, vrs,tu = vsr,ut =
vsr,tu
usr,tu
, (10.8)
which may also be derived from the definitions in (10.5) and (10.6) using the relation
x˜s¯rXr(st)x˜r¯s = Xs(rt)
−1 which follows from (2.52).
Restricting to functions of four points the above discussion also suggests, in addition
to those in (10.5) and (10.6), introducing an associated set of Grassmann invariants given
by Q12,rs, Q¯12,rs, r, s ≥ 3 where in general we define
Q¯rs,tu = 4iΘr(su) X˜r(st)
−1 Θ¯r(st) , Qrs,tu = 4iΘr(st) X˜r(ts)
−1 Θ¯r(su) . (10.9)
Using the transformation relations in (2.53) as well as (2.52) we have
Qsr,tu = Q¯rs,ut . (10.10)
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From (10.4) we may show that
X 2r(st)
X 2
r(ts)
=
(
1 +Qrs,tt
)−1
= 1 + Q¯rs,tt , (10.11)
and, just in (2.57), we may define, using (10.10) and Qrs,tt = Q¯rt,ss,
Jrst = −
1
2
(
Qrs,tt − Q¯rs,tt
)
, (10.12)
as an totally antisymmetric invariant depending on zr, zs, zt.
Other invariants formed from four points zr, zs, zt, zu should be expressible in gen-
eral in terms of the basis described above. Alternatively the invariants urs,tu, vrs,tu and
Qrs,tu, Q¯rs,tu obey various relations, besides those given in (10.8) and (10.10). Using (10.3)
and (10.4) we may obtain
uus,tr = wrs,tu
(
1 + Q¯ru,ts
)
, wrs,tu = 1 + urs,tu − 2vrs,tu , (10.13)
which allows the trace invariants given by (10.6) to be expressed in terms of the invariant
cross ratios as given by (10.5), and also
1 + Q¯rt,su =
(
1 + Q¯rs,tu
)(
1 +Qrs,tt
)
. (10.14)
By combining (10.13) with wrs,tu = wsr,ut, which follows from (10.8), we may obtain
utu,rs = urs,tu
1 + Q¯st,tu
1 + Q¯ur,ts
= urs,tu
1 + Q¯rs,tt
1 + Q¯rs,uu
, (10.15)
which also follows from (10.11) and (10.14). This results shows how urs,tu is related to its
conjugate u¯rs,tu = utu,rs.
The presence of the Grassmann invariants, such as given by (10.9), clearly complicates
the analysis of superconformal N point functions for N ≥ 4. For chiral fields the necessary
additional conditions are more restrictive. As an illustration we consider a 4 point function
for chiral scalar fields. If we express it in the form
〈φ1(z1+)φ2(z2+)φ3(z3+)φ4(z4+)〉 =
X1(23)
2(q1−2)
x1¯2
2q2x1¯3
2q3x1¯4
2q4
F12,34(z1, z2, z3+, z4+) , (10.16)
then superconformal invariance, if
∑
i qi = 3, requires
F12,34(z
′
1, z
′
2, z
′
3+, z
′
4+) = Ω(z1+)
−2Ω¯(z1−)F12,34(z1, z2, z3+, z4+) . (10.17)
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F12,34 may be expanded as
F12,34(z1, z2, z3+, z4+)
= AΘ¯1(23)
2 +BΘ¯1(24)
2 + C ˜¯Θ1(23)Θ¯1(24) +D
˜¯Θ1(23)X1(23)
−1X1(24)Θ¯1(24) ,
(10.18)
so that, if the coefficients A,B,C,D are functions of just the two invariants u =
u12,34, w = w12,34, (10.16) and (10.18) give a generalisation of the result displayed in (5.5)
for the 3 point function which has the required superconformal transformation properties
and further depends manifestly only on z3+, z4+. Interchanging z3 and z4 so that in the
corresponding expression to (10.16) we have F12,43(z1, z2, z4+, z3+) it is easy to see that
F12,43(z1, z2, z4+, z3+) = u
−q1+2F12,34(z1, z2, z3+, z4+) . (10.19)
Writing now
F12,43(z1, z2, z4+, z3+)
= A¯Θ¯1(24)
2 + B¯Θ¯1(23)
2 + C¯ ˜¯Θ1(24)Θ¯1(23) + D¯
˜¯Θ1(24)X1(24)
−1X1(23)Θ¯1(23) ,
(10.20)
then this leads to
A¯ = u−q1+2B , B¯ = u−q1+2A , C¯ = u−q1+2C , D¯ = u−q1+3D . (10.21)
In a similar fashion if z1 ↔ z2 then we obtain F21,34(z2, z1, z3+, z4+) which may be ex-
pressed as
F21,34(z2, z1, z3+, z4+)
= A′Θ¯2(13)
2 +B′Θ¯2(14)
2 + C′ ˜¯Θ2(13)Θ¯2(14) +D
′ ˜¯Θ2(13)X2(13)
−1X2(14)Θ¯2(14) .
(10.22)
where the necessary relations for compatibility are
A′ = Auq4 , B′ = Buq4+1 , C′ = Duq4+1 , D′ = Cuq4+1 . (10.23)
Although in the expression given by (10.16) with (10.18) only z3+, z4+ appear further
conditions are necessary to ensure that the whole result depends only on z1+, z2+. These
may be obtained by considering z2 ↔ z3 applied to (10.16),
〈φ1(z1+)φ2(z2+)φ3(z3+)φ4(z4+)〉 =
X1(32)
2(q1−2)
x1¯2
2q2x1¯3
2q3x1¯4
2q4
E(z1, z2, z3, z4+) , (10.24)
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where by using (10.11) we have
E(z1, z2, z3, z4+) = (1 + Q¯12,33)
q1−2F12,34(z1, z2, z3+, z4+) = F13,24(z1, z3, z2+, z4+) +G ,
(10.25)
so that the dependence on z2− is isolated in G. To obtain an explicit form for G we first
rewrite F12,34 as
F12,34(z1, z2, z3+, z4+) = A Θ¯1(32)
2 + (B + Q¯12,33D)Θ¯1(34)
2 + C ˜¯Θ1(32)Θ¯1(34)
+ (1 + Q¯12,33)D
˜¯Θ1(32)X1(32)
−1X1(34)Θ¯1(34) ,
(10.26)
where
A = A+B + C + vD , C = −(2B + C +D) , v = v12,34 . (10.27)
The invariants u, w, on which A, B, C, D depend may also be re-expressed in terms of
uˆ = u13,24, wˆ = w13,24, which depend only on z2+, using (10.13) with (10.14) giving
u = wˆ
1 + Q¯12,43
1 + Q¯12,33
, w = uˆ
1
(1 + Q¯13,42)(1 + Q¯12,33)
. (10.28)
Hence the dependence on z2− in (10.25) occurs only in terms involving Q¯12,33, Q¯12,43, Q¯13,42.
By combining such terms with (10.26) in (10.25) G may be reduced to the form
G =
(
α1Q¯12,43 + α2Q¯21,43
)
Θ¯1(32)
2 +
(
β1Q¯12,43 + β2Q¯21,43
)
Θ¯1(34)
2
+ γ
1
X1(34)2
Θ1(23)
2Θ¯1(32)
2Θ¯1(34)
2 ,
(10.29)
where α1, α2, β1, β2, γ are linear in A, B, C, D. In consequence the dependence on z2− may
be eliminated by imposing the conditions that α1, α2, β1, β2, γ each vanish and hence in
(10.24) E → F13,24 given by
F13,24(z1, z3, z2+, z4+)
= AΘ¯1(32)
2 +BΘ¯1(34)
2 + C ˜¯Θ1(32)Θ¯1(34) +D
˜¯Θ1(32)X1(32)
−1X1(34)Θ¯1(34) ,
(10.30)
where in the arguments of A, B, C, D u, w → wˆ, uˆ. In a similar fashion the necessary
dependence only on z1+ may also be ensured. These conditions require relations between
the functions A,B,C,D but it is clear from the results of the previous section that there
is at least a single arbitrary function of u, v remaining in the general solution.
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11. Conclusion
In the above we have endeavoured to generalise the kinematic analysis in [7,8] of
conformal invariance and its implications in quantum field theory in general dimensions on
flat space to the simplest case of N = 1 supersymmetry in four dimensions. In the analysis
of the two and three point functions of the energy momentum tensor in four dimensions the
coefficients which appeared in the two and three point functions (for the latter there are in
general three parameters which may be connected with the three trivial free conformal field
theories in four dimensions) can be related to the coefficients which appear in the trace of
the energy momentum tensor when a conformal field theory is extended to a curved space
background. Here we describe the connections of the results obtained here with the similar
parameters which may be defined when a superconformal theory is extended to a minimal
N = 1 supergravity background.
In this case the theory includes a superfield Ha(z), which contains the metric, such
that the expectation of the energy momentum tensor may be defined by
〈Ta〉 =
δW
δHa
, (11.1)
whereW is the connected vacuum functional for the curved background (in our conventions
the functional integral gives eiW ). Assuming the theory is defined to preserve the usual
supergravity superspace reparameterisation invariance we may extend the definitions in
(4.15) to obtain
1
2 i
∫
d8zE−1
(
ha − h¯a
) δW
δHa
=
∫
d6z+ϕˆ
3 σˆhTˆ +
∫
d6z− ˆ¯ϕ
3 ˆ¯σh¯
ˆ¯T , (11.2)
where d8zE−1 and d6z+ϕˆ
3, d6z− ˆ¯ϕ
3 are the appropriate invariant integration measures on
full superspace and its chiral, anti-chiral projections [13]. ha, h¯a satisfy supercovariant
generalisations of (2.6) while T , T¯ are covariantly chiral, anti-chiral scalars formed from
Ha (Tˆ , ˆ¯T are defined by transformation to a chiral representation when they depend only
on z+, z− respectively). T , T¯ are formed from the supergravity curvatures, the chiral
superfields Wαβγ= W(αβγ), R, and their anti-chiral conjugates W¯α˙β˙γ˙ , R¯, together with
the real vector superfield Ga, and supercovariant derivatives. The general form for T can
be written as [27]
8π2 T = cWαβγWαβγ − aG+ h(D¯
2 − 4R)D2R , (11.3)
with G a topological density whose chiral superspace integral is related to the difference
of the Euler and Pontryagin invariants,
G =WαβγWαβγ −
1
4(D¯
2 − 4R)(GaGa + 2R¯R) , (11.4)
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and where Dα, D¯α˙ are supercovariant spinor derivatives. In (11.3) h is arbitrary since it
may be varied at will by adding a purely local term ∝
∫
d8zE−1 R¯R toW . The coefficients
c, a have a non trivial significance in any superconformal theory [6] and for nS , nV free
superfields, as described by actions (4.23), (4.27), we have [13]
c = 124(3nV + nS) , a =
1
48(9nV + nS) . (11.5)
There is a direct relation between c, a and the parameters A,C specifying the general
superconformal supercurrent three point function as found in section 7. In principle the
relation may be found from (11.2) first by obtaining
˜¯Dα˙〈Tαα˙〉 =
2
3DαT , D˜
α〈Tαα˙〉 =
2
3 D¯α˙T¯ , (11.6)
and then taking two functional derivatives with respect to H of both sides and re-
stricting to flat space. This gives contributions to ˜¯D1
α˙〈Tαα˙(z1)Tββ˙(z2)Tγγ˙(z3)〉 and
D˜1
α〈Tαα˙(z1)Tββ˙(z2)Tγγ˙(z3)〉 which are proportional to various derivatives acting on
δ8(z1 − z2)δ8(z1 − z3). With careful regularisation the results from the r.h.s. of (11.6),
depending on c, a, h may be matched with results arising from explicit calculation using
the general form (7.18). However such an analysis is not straightforward (an analogous
investigation of the energy momentum tensor three point function assuming conformal in-
variance was undertaken in [8]) although the necessary relations are easy to read off from
the results for free fields (11.5) and (8.7), (8.5) with (8.4). This gives
A =
8
9π6
(3c− 5a) , C =
4
9π6
(6c− 7a) . (11.7)
As a consistency check we verify the relation between c and the coefficient CT of the
supercurrent two point function. For this it is sufficient to restrict to constant rescalings
when we may take in (11.2) σˆh = ˆ¯σh¯ = 1. With µ an arbitrary renormalisation scale we
may write
µ
∂
∂µ
W =
∫
d6z+ϕˆ
3 Tˆ +
∫
d6z− ˆ¯ϕ
3 ˆ¯T . (11.8)
In this the terms depending on a are topological invariants while h disappears since it is
the coefficient of terms which are total derivatives. Furthermore the difference between
the integrals of WαβγWαβγ and W¯α˙β˙γ˙W¯
α˙β˙γ˙ is also a topological invariant so that we may
write from (11.8) and (11.1)
µ
∂
∂µ
〈Tαα˙(z1)Tββ˙(z2)〉 = 8c
δ2
δHα˙α(z1)δHβ˙β(z2)
∫
d6z+ϕˆ
3WαβγWαβγ
∣∣∣∣
flat space
. (11.9)
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Using, to lowest order in expansion about flat space, δWαβγ = −
1
16
D¯2D(α
˜¯Dβ˙DβδHγ)β˙ this
may be readily calculated giving
µ
∂
∂µ
〈Tαα˙(z1)Tββ˙(z2)〉 = 4c ∂1γα˙D1η∂2δβ˙D2ǫδ
6
+(z1 − z2) Eα
γǫ
,β
δη , (11.10)
with E defined by (3.45). The result (11.10) may be compared with that obtained from
the regularised version of (3.44) using, with the definition in (3.46),
µ
∂
∂µ
R
(
θ 212
(x 212+)
2
)
= 2π2δ6+(z1 − z2) . (11.11)
It is then evident that we must have
CT =
4
π4
c , (11.12)
which is compatible with the Ward identity result (7.46) and (11.7).
12. Note Added
A further consistency check may be found by reducing the results (7.18) and (7.22)
to their θ, θ¯ independent forms. With T a(z)| = Ra(x), the R-symmetry current, we have
〈Ra(x1)R
b(x2)R
c(x3)〉 = A
Iae(x13)I
b
f (x23)(
x132 x232
)2 iǫefcd X3d(
X32
)2 , (12.1)
where Iab(x) = δ
a
b − 2xaxb/x2 is the reduction of the inversion tensor given by (7.12).
Using the standard form for the anomaly, such as obtained in [8] with symmetrisation and
transforming to Minkowski space,
∂3c〈R
a(x1)R
b(x2)R
c(x3)〉 = −A
1
6
π4∂1c∂2d
(
ǫacbdδ4(x13)δ
4(x23)
)
. (12.2)
From (11.6), for a general background, iDa〈T
a〉 = 16 (D
2T − D¯2T¯ ) which for flat space
becomes [6] (adapting to the supergravity conventions of [13]), with Ga(z)| =
4
3Aa(x),
∂a〈R
a〉 =
1
54π2
(3c− 5a) ǫabcdFabFcd , Fab = ∂aAb − ∂bAa . (12.3)
Since (11.1) now reduces to 〈Ra〉 = δW/δAa the compatibility of (12.2) and (12.3) gives
the first of eqs.(11.7).
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Appendix A.
We here describe how the assumed transformation rule (7.39) for the supercurrent is
realised for free fields. For the scalar case with the supercurrent given by (4.26) and the
elementary chiral transforming as in (4.24) with q = q¯ = 1 we have
δh,h¯Tαα˙ = −
(
1
2(h
a + h¯a)∂a + λ
αDα +
˜¯λα˙
˜¯Dα˙ + 3(σh + σ¯h¯)
)
Tαα˙ + ωhα
βTβα˙ − Tαβ˙ ω¯h¯
β˙
α˙
−Xα
βTβα˙ + Tαβ˙X¯
β˙
α˙ + (h
a − h¯a) 1
6
Dαφ
↔
∂aD¯α˙φ¯
−Dα(h
a − h¯a) 13∂aφD¯α˙φ¯+ D¯α˙(h
a − h¯a) 13Dαφ∂aφ¯
+ i∂αα˙(h
a − h¯a) 13∂a(φφ¯)− i[Dα, D¯α˙](h˜
β˙β − ˜¯hβ˙β) 112 iφ
↔
∂ββ˙φ¯
+
(
i∂αα˙λ
β + δα
βD¯α˙σ¯h¯
)
2
3
Dβφφ¯+
(
i∂αα˙λ¯
β˙ − δβ˙α˙Dασh
)
2
3
φ¯D¯β˙φ¯
+ i∂αα˙(σh − σ¯h¯)
4
3φφ¯ , (A.1)
where the extra terms depend only on h− h¯ as a consequence of
Xα
β = Dαλ
β + ωhα
β − δα
β(2σ¯h¯ − σh)
= 14 iD¯α˙Dα(h˜
α˙β − ˜¯hα˙β)− δα
β 1
12 i(DγD¯γ˙ + 2D¯γ˙Dγ)(h˜
γ˙γ − ˜¯hγ˙γ) ,
X¯ β˙ α˙ = D¯α˙λ¯
β˙ + ω¯h¯
β˙
α˙ + δ
β˙
α˙(2σh − σ¯h¯)
= 14 iDαD¯α˙(h˜
β˙α − ˜¯hβ˙α)− δβ˙α˙
1
12 i(D¯γ˙Dγ + 2DγD¯γ˙)(h˜
γ˙γ − ˜¯hγ˙γ) ,
i∂αα˙λ
β + δα
βD¯α˙σ¯h¯ =
1
16
iǫα˙γ˙D¯
2Dα(h˜
γ˙β − ˜¯hγ˙β)
− 1
48
δα
β(4D¯α˙∂γγ˙ + iǫα˙γ˙D¯
2Dγ)(h˜
γ˙γ − ˜¯hγ˙γ) ,
i∂αα˙λ¯
β˙ − δβ˙α˙Dασh = −
1
16 iǫαγD
2D¯γ˙(h˜
β˙γ − ˜¯hβ˙γ)
− 148δ
β˙
α˙(4Dα∂γγ˙ − iǫαγD
2D¯γ˙)(h˜
γ˙γ − ˜¯hγ˙γ) ,
∂αα˙(σh − σ¯h¯) =
1
48
(
D¯α˙Dα(D¯β˙Dβ + 2DβD¯β˙) + 3DβD¯α˙D¯β˙Dα
)
(h˜β˙β − ˜¯hβ˙β) .
(A.2)
For the case of free vector fields we may use (4.32) and (4.30) to easily obtain
δh,h¯Tαα˙ = −
(
1
2
(ha + h¯a)∂a + λ
αDα +
˜¯λα˙
˜¯Dα˙ + 3(σh + σ¯h¯)
)
Tαα˙ + ωhα
βTβα˙ − Tαβ˙ ω¯h¯
β˙
α˙
− (ha − h¯a)Wα
↔
∂aW α˙
+ 14 iǫαβD¯
2
(
W β˙(h˜
β˙β − ˜¯hβ˙β)
)
W α˙ +
1
4 iǫα˙β˙WαD
2
(
(h˜β˙β − ˜¯hβ˙β)Wβ
)
. (A.3)
The extra terms in (A.1) and (A.3) may both be decomposed into quasi-primary operators
and their derivatives. The crucial difference is that in the case of chiral superfields this
includes the supercurrent itself. In this case they therefore contribute to the Ward identity
for the supercurrent three point function, giving a non zero χαα˙,ββ˙
γ˙γ in (4.22) whereas
such terms were absent in the vector case when the parameters A,C satisfied (8.5).
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